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BBEJIEHUE

PaccmarpuBaercss KOHeYHOMeEpPHasd MeXaHUYeCKasi CUCTEMA, COCTOsIIAsT U3 KO-
HEYHOI'O YUCJIa MaTEPUAJTbHBIX TOYEK M KOHEYHOI'O YUC/1a TBEPABIX TeJ. Kax-
JIBI IIPeICTaBUTE/Ib CUCTEeMbl — TOYKa MJIM TEJI0 — COBEpIIaeT JIBUZKEHUE U HCIIbI-
THIBAaET Bo3/ielicTBre n3BHe. COOTBETCTBEHHO, MEXaHUKa COCTOUT U3 TPEX pa3esioB.
[lepBoiit — KmHEMaTWKa — U3yYaeT JBHKEHHE BHE 3aBHCHMOCTH OT IPUYUUH ero
BO3HUKHOBeHUsI. BTOpOil — CTaTmkKa — u3ydaeT B3auMOJEHCTBUE C BHEIHEH cpe-
JIOi ¥ XapaKTePUCTHKH ITOTO B3auMo,ieiicTBus. B HacTosmem Kypce pa3/iesn CTaTuKu
CIEINUAJIbHO He BBIJIEJIEH U BOIPOCHI, CBI3aHHBIE C HUM, IOJAPOOHO HE pacCcMaTpH-
Baiorcd. Hakonern, Tperuii pasjes — JAUHAMHUKA — U3yYaeT CBA3b JIBUKEHUS U
BO31eiiCTBUS U3BHE.

Mexanuueckasi CuCTeMa JIBUKETCS B TPEXMEPHOM €BKJIMJIOBOM HPOCTPAHCTBE —
cucrtemMe orcdéra. [Ipenosaraercs, 910 €cTh BO3MOYKHOCTH pa3jindaTbh U UMEHO-
BaTh TOYKU MPOCTPAHCTRA.

Teoperndeckas MexaHUKa CTPOUTCS aKcuoMaTu4deckKu. HekoTopblie yTBep:K IeHUS
— aKCHOMBI, ITOCTY/IATHI, 3aKOHBI, HaYaJa — MPUHUMAIOTCA 3a UCTUHY. OHH OyIyT
dopmysmpoBaThCs 110 Mepe HeobxoauMocTu. [Ipodune yTBepK/IeHusl CJIeAyI0T U3 aK-
cuoM (IpaBUJIbHBIE) UM aKCHOMAM TPOTUBOPeYaT (HEeNpPABUJIBHBIE).

Hecrangaprabie obo3Hatuenust 00bsICHEHBI B TEKCTE.

[Ipeanonaraercs, 9To
— (yHKIHUHU, yIACTBYIONIHE B MOCTPOEHUSIX, — JOCTATOYHO IJIAJIKHE;

— paccyzK/IeHus, OlpPeJe/IeHUs, YTBEPKJEHUsT — JIOKAJIbHbI.
[Tpononzkenne nvacrosmero “Kparkoro kypca...” B “Kparkom kypce...” [15].



“JIBMKeHbe — CYACTH-U-€ MOE, IBUKe-e-Hbe...”
“B myts”, u3 mukaa “IIpekpacuas meapHuunxa’,
Omyc 25, 1823 rox

Myswika ®panrna [lybepra, cruxu Bunsreasma Mrosaepa

KMHEMATUKA

['JTABA 1
KNHEMATUKA TOYKU

§ 1. TPAEKTOPUA, CKOPOCTb, YCKOPEHUE

Onpepenenne 1.1. MarepunajbHadg TOYKA — I'eOMETPHYECKAsi TOYKA, KOTOPOMH
ITOCTaBJIEHO B COOTBETCTBHE MOJIOKUTETBHOE YHCJIO M — MAacCa.

B cucreme orcuéra durcupyercsa touka (O, a IOJOXKEHHE MaTepHAIbHON TOU-
K A B KayKIbIii MOMEHT BpeMeHH ¢ OIpee/seTcss PaJInyc—BeKTOPOM I': HadaIbHas
TOYKa pajuyc—BeKTopa I B Touke (), marepua/jbHas Touka A coBuajaer ¢ KoHeu-
HOI TOYKOIl r. 3a1aTh ABUXKEHUEe MaTepPUAILHON TOYKM A — 3a/1aTh TeM UM HHBIM
crocob6oM BekTOp—hyHKIuio r(t). Bekrop—dynknus r(t) oupeenser Tpu KuHEMa-
TUYECKUEe XapaKTEePUCTUKU JABUZKYIIEHCd TOUKU: TPAeKTOPUIO, CKOPOCTh, YCKOPEHue.

Onpegpenenne 1.2. Tpaekropus MaTeprHaabHOH TOYKH — roJorpadc pajmyc—BeKTopa

r(t).




BBeiéM reomMeTpuuecKue XapaKTepHCTHKH Tpaektopuu [13, § 22|. @ukcupyem
HA TPAEKTOPUU TOYKY 3, OT KOTOPOi BBIYUC/ILETCS JJIMHA JIYIU S, U HAIIPABJIEHUE
MMOJIOYKUTEJIHHOTO OTCUYETA, JTyTH (pI/IC. 1.1). Takum ob6pasoM, KaxK10il Touke A Tpa-
eKTOPHU CTABUTCS B COOTBETCTBHE YHCIO S (IIOJOKUTETbHOE N OTPUIIATEIHHOE) —
PACCTOAHME TI0 TpaeKTopuu Mexk 1y Toukamu A u B. Paanyc—BeKTop, NpoBeIEéHHbI
K HEKOTOPOii TOUKe TPAEKTOPUH, TAKYKEe CTAHOBUTCS (DYHKIUE JIHHBL IyTH S: r(S).
[To 310it PyHKIUU BHIYUC/ILIOTCH OPThl COITPOBOXK/JAIOIIETO TPEXTPAHHUKA.

Oprt kacarenbHOIi
S (1.1)
ds’ '

[Tojuepkuém, 4T0 T — OpPT:

(r,7)=1 (1.2)

(31eCh 1 jrasiee UCOJB3YIOTCs 0003HaUeHust: (, ) — CKaJSIPHOE IIPOU3BEJICHNE BEeK-
TopoB, | , | — BekToproe). OpT T pacnosaraercsi Ha KacaTeJbHOW K TPAeKTOPHU W
HAIPABJIEH B CTOPOHY YBEJIMYEHHUsl JIJTHHbL JIyTH.

Opt HOp™Masu. Beojurcsi BEKTOp KPUBU3HBI

dr  d’r

=% ds (13)

KOTOPBIH XapaKTepu3yeT CKOPOCTh MOBOPOTa OpTa KacareabHoit. OpT HOpMaaInm n —
OPT, 33JIA0IUii HAIIpaBJeHNe BEKTOPA KPUBU3HBL:

d 1
K=" —Kn=-n K-=-. (1.4)

ds P p
BmecTo Bestmumunr K KpuBW3HBI VIOOHO MCIOJIB30BATH PAANYC KPUBU3HBI 0 —
p v paamyc Kp p
PaJInyc OKPYZKHOCTH, AIMIPOKCHMUPYOIIEil TPaeKTOPUIO B JTaHHOl Touke (puc. 1.1).

[lentp C 3T0ii OKPY?KHOCTH Ha3bIBAeTCHA MEHTPOM KPUBU3HBI. OpPT N HalpaBieH
K nentpy kpususzuel C. 113 (1.2) — (1.4) cieayer oproroHaabHOCTH OPTOB T U I

1
—,7)=2(K, 1) = 2;(n, T).

Bwmecto tepmuna “opT HOpMaJIM HUCHOJIL3YETCsS TaKyKe TEPMUH “OpT IVIABHOI HOP-
7
MaJjn’.

OpTt 6uHopMamnu b BBOAUTCS TaK, 9T00BI TPU BeKTOpa {7, n, b} — compoBox1a-
IOMU TPEXTPAHHUK — TPEJCTAB/IsAIN COOO0# MpaBblii OPTOHOPMUPOBAHHBIN Oa3uUC:

b =[r, n].

OyHuM u3 crnocoboB 3a/aHusl JIBUXKEHUsS] MaTepUaIbHON Touku — r(t) — saBis-
eTcs 3aJlaHne TPaeKTOpUH I'(S) U JBUZKEHUs 110 Heil s(t).
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Onpeaenenune 1.3. CKOpocTh MaTepHaIbHOH TOUKH ONMPEIe/TSTeTCS CICTYIOMHM 00-
paszom

_dr (1.5)

V= — —
dt

113 dopmya (1.5) u (1.1) cremyer

dr drds ds
W aaTa T (1.6

TO €CTb, BO-IIEPBBIX, CKOPOCTH V HAIIpaBjeHa 0 KacaTe/JbHON K TPaeKTOPHH, BO-
BTOPBIX, BEJIUYNHA CKOPOCTU V paBHa MPOU3BO/IHON 1O BpeMeHH! t OT MPOilIeHHOTO
Iy TH:

ds

V=—. (1.7)
dt

Onpenenenne 1.3 CKOPOCTH OTKPBIBAECT BO3MOXKHOCTD BBIYUC/ISITH ITPOU3BOIHBIE OT
BPEMEHH OT BEKTOPOB a(t) pasHoii npupobl.

Teopema 1.1 (A. Peszasns) [1, 10| IIycrs A u B navaibnas u KOHeUHAs TOYKH
BekrTopa a(t) = AB. CupasemjmuBa ciejiyromast ¢opmyJia

da
E :a:VB —VA. (18)

(] BBeméM HemOABIKHYIO B cUCTeMe OTcuéra TOUYKY () U OTJIOKHM OT Heé pamyc—
BEKTODBI I'p ¥ I'p, NpoOBeaeHHbIe K ToukaM A u B (puc. 1.2). Yreepxkienue (1.8)
TeOpeMBbI CeyeT u3 onpeaenenusa 1.3 u dpopmyn

a=TIpB —Ix, é.:i‘B—f'A:VB—VA..

a(t)

Puc. 1.2



Onpenenenune 1.4. VckopeHne MaTepHajabHOH TOYKH OINPEAETSIETCS CJETYVIO-
M 00pa3zom

— v o (1.9)

13 dopmyn (1.6) u (1.9) caemyer

v d(Vr) 4V _dr

Wew T T w  a
Borauciennst ¢ yaérom (1.4) u (1.7)
dr drd
dr _drds _n,
dt dsdt p
NPUBOJAT K PE3YJILTaTy
av V2
W=—7+—n=W,+W,: (1.10)
dt p

pasyokeHnio yckoperauss W 1o opTaM COMPOBOXKIAOIEr0 TpéXrpanHnka. Kowmrmo-
HEHTBI pa3JIoyKeHUs Ha3bIBaloTCsa: W, — KacaTeJIbHOE WJIM TAHTE€HIINAJIbHOE
yckopenue, W, — HOpMaJIbHO€ YCKOPEHUE, — U UMEIOT BEJTUIHHBI

2
v W, = vz (1.11)

W, = T
dt p

Tak KaK BEKTOPBHI T U N OPTOTOHAJIBHBI, CIIPaBEIITBO PABEHCTBO

W2 =W?+ W2 (1.12)



§ 2. JEKAPTOBbBI KOOPJIVITHATBI

OsiHa U3 BO3MOXKHOCTEH MMEHOBATH TOYKH CHCTEMbI OTCYETa (CM. BBEJEHHE) — 3a-
JIaHWe [PABOr0 OPTOHOPMHUPOBAHHOTO DA3UCa: B IPOCTPAHCTBE (DUKCUPYIOTCH TAKUE
werpipe Toukm: O, Ay, Ay, As, 910 1151 6a3UCHBIX BEKTOPOB iy = O A, crpasesinBo
PaBEHCTBO

.. 1, k=1,
(lk, ll) = 5kl = {O, L 7& L (21)

“@amuins, uMs, OTYeCTBO’ MPOU3BOJILHOMN ToukN B — Koadbdunuentsr vy = (r, i)
_ 3
pazioxkenust pajuyc-Bekropa r = OB 1o 6asucy iy : r = Y xi (puc. 2.1). Tamee
k=1

GHCHA X1, Tg, T3 JJisi KDATKOCTH HA3BIBAIOTCS JEKAPTOBBIMU KOODJANHATAME (BMECTO
“IIPSIMOYTOJIbHBIE JIeKAPTOBBI”).

Puc. 2.2
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C mpuMeneHueM JIeKapTOBBIX KOODIUHAT MPOWLTIOCTPUDPYEM MOHATHS, BBEIEH-
uoie B § 1.

ITpumep 2.1. Touka P coBepinaer aBuzKeHue Mo OKpyKHOCTH pajuyca R (puc. 2.2).
Tosozkenue Touxn onpeesiser paguyc-sekrop T = CP = R(iy cos o +igsing), rue
 — YIOJI MEK/Iy BEKTOpaMH I 1 iy. JlmuHa xyru opP paBHa s = R, oTKy1a cieayer
paBercTBo ¢ = s/R. TTo dbopmysie (1.1) BuUUCISETCS OPT KAcATEIbHOM

, dr  drdyp L sino 4+
ds dyds LS 2 CO5

[To dopmyie (1.3) BorUmCIsIETCST BEKTOP KPUBU3HBI

dr  drdyp 1 1
K=—=——=——(ijcosp +iysiny) = —=n,
s " dpds _ RUeosethsing)=—p
OTKY/Ia CJIEJYIOT BbIparkKeHUs Jjisl PaJiyca KPUBU3HBL 0 U OPTa HOPMAJIHA N
p=R, n=—(ijcosp +izsiny).
[To dopmye (1.5) cKOPOCTH TOUKN paBHA

V =1 = Rp(—iy sinp + iy cos ) = R,

a BeJIMYMHA CKOPOCTH IPH JBHKCHHH TOYKH IO OKPY2KHOCTH paBHa V = R. Ilo
dbopmye (1.9) yckopenne TOUKH PABHO

W =V = Rj(—iysing + iy cos @) — R (iy cos ¢ + iy sin @) = RGT + Rp™n,

a BEeJIMYNHBI KACATEIBHOTO W HOPMAJIBHOTO YCKODEHUil TMpHU JIBUKEHUH TOUYKHU MO
okpyzxuoctu pasust W, = Rp, W, = R,

11



§ 3. KPUBOJIMHENHBIE (OBOBIITEHHHBIE) KOOPIVHATHBI

[ToJsio2keHUe MaTepuaibHON TOYKM B CHCTEMe OTCUETa OIPEIesdeTcs I10JI0XKEeHUeM
paanyC—BEKTOpa I', HavdaJIbHasd TOYKa KOTOPOI'O HENOABHUXKHa, a KOHE€YHadA TOYKa
COBIIQIACT C MaTepUAJIbHON TOuKoil. [lo/moxkennme paamyc—BeKTOpa B TPEXMEPHOM
IIPOCTPAHCTBE MOYKHO 33/IaBaTh TpeMs ducjaamu: r(q, gz, q3).

Ounpepenenne 2.1. Yncua gy, ¢, ¢3 Ha3pIBaOTCsI KpUBOJAUHEHHbIMHE (06001IEH-
HBIMH ) KOOPAWHATAMMY I[IPH BBIIOJHEHUH JBYX YCJIOBHII.

1. Tpu umcaa qi, g2, g3 HAXOAATCSI B B3AHMHO OJHO3HATHOM COOTBETCTBHH C JIFOOBIM
IIOJIO?KEHHEM TOYKH B CHCTEME€ OTCYETA.

d: 0z 0

r(g,,q, »q; )

H.(9,",9,,9; )

2. ®ukcupyeM TouKky ¢°, ¢9, q5 B cucreme orcuéra. /IBe KOOpAHHATHI G, ¢3 OCTABHM
(pUKCHpOBAHHEIME, & OTHOH ¢ JO3BOJHM H3MeHAThc. KoHedHas Touka pajamyc—
sextopar(qi, ¢9, ¢§) npouepTHT KPUBYIO, KOTOpAs HA3BIBAETCSI KOOPAMHATHOM JU-
Huel, coorsercrpymomeii koopaunare ¢ (puc. 3.1). Bekrop Hy(q) = 0r(q)/0q1 —
KacaTeJbHbI BEKTOP K KOOPAWHATHON JIMHUU (316Ch H B MOJOOHBIX CJIYYASTX
HCIOJIB3YeTCsT 0bo3Hadernne ¢ = (q1, ¢2, q3)). AHAJTOTHIHO CTPOSITCS JPYrue KOOD/IH-
HATHBIE JIHHAH H KACATEJIbHBIE BEKTOPBI K HHAM

Hi(Q) = ag;?) .

(3.1)

Bropoe ycioBre TpebyeT JHHEHHYI0 HE3aBHCHMOCTD KacaTeabHbIx BeKTopos Hy(q),
Hs(q), Hs(q) B Kazkm0ii TOUKe q CHCTEMBI OTCUETA.

IIpu Bomosmennn yeaosuii 1 m 2 rpu Bextopa Hy(q), Ha(q), Ha(q) obpasyror B
KaK/[0if TOUKe CHCTeMbl OTCYETA JIOKAJIBHBIN 0A3UC, COOTBETCTBYIONINI KOHKDET-
HBIM KpHBOJIMHEHHBIM KoopanaaTtam. CKajsipable (OyHKIHT

Hi(q) = [Hi(q)| (3.2)

Ha3pIBaloTcst Kodddununenramu Jlame, KpuBomHEeiHBIE KOOPIHHATHI, JIJII KOTO-
DBIX BBIIIOJHSIETCST

(H;, Hy) =0, ik, (3.3)

12



Ha3bIBAIOTCS OPTOTOHAJIBHOM CHCTEMOIT KOOpPAMHAT.

Bagarh jBuzkenue r(t) MarepuajbHONR TOYKH B KPUBOJHHEHHBIX KOODMHATAX
9TO, BO-IIEPBBIX, 3aJ1aTh CBA3b I'(q) MOJOKEHHsI TOYKU B CHCTEME OTCYETA ¢ KOOP/IH-
HATAMU (¢, BO-BTOPBIX, OIPEJEJUTh u3MeHeHue koopaunar ¢(t) Bo Bpemenn t. Eciau
00e 3aBUCUMOCTHU 3aJIaHbl, CKOPOCTH TOYKHU PaBHA

: or(q) . :
Vg, ¢) = Z 8;-)% = ZHi(Q)%‘ (3.4)
— ucnosb3oBano obosnadenne (3.1). [Iist Bemuwdaunsl ckopocTu u3 (3.4) ciemyer

V3(g, @) = (V, V)= ) (Hi(g), Hi(a)) didix- (3.5)

i, k=1

JI1st OpTOTOHANBHBIX cucTeM Koopauuat (eM. (3.2), (3.3)) dopmyra (3.5) ymporma-
ercs:

VZ3(q, 4)) = ZHE(Q)Q?- (3.6)

13 Boipazkenus (3.4) ciemyer

ov. 0
— (3.7)
9g;  0gi
(¢; m ¢; — He3aBucuMbIe IepeMenHbie). Boipaxenue (3.4) Bieuér takzxe dhopmyity
ov. d o
- o2 (3.8)
dg;  dt Oq

JIJTst 0OOCHOBAHHSI KOTOPOH CPaBHUBAETCS PE3Y/IbTAT BBIUYUCICHUS MPOU3BOIHON II0
t B mpaBoit wactu dopmy:sl (3.8) ¢ pesyabraTrom auddepeHIupoOBaHUs MO G) BbIpa-
xenust (3.4).

C yuérom o6oznadenuii (1.9), (3.1), dopmyn (3.7), (3.8) u npasuna auddepen-
UPOBAHUS IIPOU3BE/IeHNS BLIBEIEM COOTHOIICHUE

Juid yckopenuss W TOYKH:

(O dVY d [Or d Or (3.7),(3.8)
(H:, W) = (8%’ dt ) Cdt (5%" V) <dt dq;’ V) B

(VG (Y o h O (V0 (V
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[Mocaeuuil IEPeXo eCTh Pe3yJIbTAT OYEBUIHBIX BBIYHCJICHUN (Z — HEKOTOpas Ie-

peMeHHast ):
A 10 o (V2
<E’ V) =35: V' V)= 5; (7) -

B uacrroctu, ecan 06e wactu Broporo 3akona Hetorona mW = F (§ 15) ymHO-

JKUTh CKaJgpHO Ha BekTop H;, BBecTm oGo3HAuYeHHS /I KUHETUYECKOH SHeprun
T(q, §) = mV?*(q, ¢)/2 u ana obooménnoit cunst Q; = (F, H;) = (F, dr/dq;), To
¢ yaérom dopmyisl (3.9) noaydum ypasraenus Jlarpanzka

dor or
dtdg g

Qi (3.10)

JIJIsT CBODOJIHON MaTepuaaibHON TOYKH.
®opwmy.a (3.9) ompe/esisieT TakKe MPOEKIHIO yeKopeHns W Ha KacaTeJIbHYIO K
KOOPJIMHATHON JTUHUHT

Fon- (55 (440) -2 () e

Jst oproronambHoil cucteMsl KoopauHaT (cM. (3.3)) Beipaxkenus (3.11) ectb K03db-
3

durmentsr W; pasnoxkenuns yckopenus W = E W;e; mo opram e;, CBI3aHHBIM C

i=1
KaCaTe/JIbHbIMU K KOOPpAWHATHBIM JIMHUAM.

[IponuitocTpupyeM BBeJEHHBIE B 9TOM naparpade moHATHS Ha IIPUMEpE.

IIpumep 3.1. Ha puc 3.2 nosioxkenune Touku P olpejiesieHO UJIMHIPUYECKUMUI
KOOpJMHATAMU T, (0, 2. Painyc—BeKTOpP pacK/IaJIbIBAETCS 10 OPTOHOPMUPOBAHHOMY
basmucy i, j, k caexyronmm obpazom:

r = ircosp + jrsinp + kz. (3.12)

B coorBerctBun ¢ dopmyaamu (3.1) u (3.2) BBIUACIIIOTCS BEKTOPBI, KACATETbHBIE
K KOODJIMHATHBIM JInHUSM, U KOdpdunuentor Jlame:

0
H, = a_ icosp+jsing, H,=1,

or
0
H, = i = —irsinp +jrcosp, H,=r,
or
Hz:_:kJ szl
0z

ITo dopmyste (3.4) cKOPOCTH TOYKH, JBHKEHHE KOTOPOIl 33/ [aHO IUJINH/PUICCKAME
koopauuaramu 7(t), ¢(t), z(t), paBHa

V = H, + H ¢ + H.2.

14



Borancrenna (H,, H,) =0, (H,, H,) =0, (H,, H,) = 0 npusozxar x BuiBoxy (cMm.
(3.3)): nniMHAPUUECKHE KOOPJAMHATHI ABJIAIOTCA OPTOIOHAJbHBIMHU, BCJIEJICTBUE 1€I0
BeJINYNHA CKOPOCTH BhIYuCsiercs mo dbopmyaie (3.6):

V=2 2t 22

Yuér 3roro pesyjbrara B cOOTHOIeHUH (3.9) OnmpejeuT JieBble 9acTH ypaBHEHWiT
Jlarpanxka (3.10):

m(H,, W) = m(i—r¢%), m(Hy,, W) =m(r’*3+2rr¢), m(H,, W) =mZ (3.13)
1 poekIn yckopenunst W Ha KacarebHbIe K KOOpAWHATHBIM JuausM (em. (3.11)):

(H,, W) =i -1, (Hy, W)/r =1 +2i¢, (H,, W) =2

15



['JTABA 2
KNHEMATHUKA TBEPJIOT'O TEJIA

§ 4. YI'VIOBA4 CKOPOCTDb.
CKOPOCTU TOYEK TBEPIOI'O TEJIA

Onpepenenne 4.1. TBEpaOe TEJIO0 — Takasi COBOKYITHOCTH MaTePHAJIbHBIX TOYEK,
9TO PACCTOSTHUE MEYKJTY JIIOOBIMHU JIBYMSI HEH3MEHHO.

Puc. 4.1

TBépaoe Teso coBeplmaeT JABUXKEHHE B CHCTEMe OTCUETA, ¢ KOTOPOU CBA3aH Op-
TOHOPMUPOBAHHBIN Gasuc i, is, i3 (em. (2.1), puc. 2.1 u puc. 4.1). Tak KaK B Ku-
HEeMaTHUKe HeT MaCC, a €CTb TOJBKO I'ecOMETpHUYECKHuEe TOYKH, IIOJ] TBép,ZLbIM TEJIOM
YJI00HO MOJpa3yMeBaTh abCOJIIOTHO YKECTKOE TPEXMEPHOe IMPOCTPAHCTBO. Bhiaemnm
B Teste Touky O M ¢ HaYajJOM B Heil IIpaBblii OPTOHOPMHUPOBAHHBIN Oa3uc €1, €s, €3
(puc. 4.1), nyst npejcTaBuTeseil KOTOPOrO BITOTHSIETCS

(ex, €1) = On- (4.1)
Huddepernuposanue (4.1) 10 BpeMeHu ¢ IPUBOIUT PE3YIBTATY
(ék, el) = —(ek, el) (42)

3a1arh IBUKEHUE TBEPIOrO Tejla — 3aJaTh TeM HJIM HHBIM CIIOCODOM BEKTOp—
byuxuuu ro(t), ei(t), ea(t), es(t) (puc.d.1). Yoeuaumes, aro 1oii undopmanum j1o-
CTATOYHO IS ONpeeJeHnus JIBUKeHus 000 Touku Tejna B. KoHKpeTHas Todka
Tesla UMEHYeTCs KOOPJIUHATAMH Y Pa3I0ZKeHUd

3
p= Z Yr€r, Yr = const (4.3)
k=1
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paauyc-BekTopa p—0 B 10 opTam €1, €3, €3, CBA3aHHBIM C TeJoM. [loBeenne TOYKn
OTHOCHTEJBHO CHCTEMBI OTCY6Ta 3ajaérest hopmy.ioii (puc. 4.1)

3

r:r0+p:r0+2ykek, (4.4)
k=1

B 1IPaBoii yacTn KOTopoit Haxosarcs undopmaiust ro(t), e(t), ex(t), es(t) o nBuxe-
HUU Tesia U “paMusus, uMs, OT4eCTBO” — Y1, Yo, Y3 — TOUKH B.
Jlng BbIYuC/IeHHS CKOpocTH Touku B Tena npoauddepennupyeM 1o t gpopmy-

ay (4.4): ;

V=ig+p=Vo+ ) urés (4.5)
k=1

3 (4.5) BUIHO, 9TO JJIsi HAXOXKJEHHUSI CKOPOCTH TPOM3BOJBHON TOUKH TpebyeTcs
JIOTIOJTHUTETHHO 3HATH TPU BEKTOPA €1, €9, €3. Kak MoKa3bIBaeT CIeIyiomas JeMMa,
Ha CaMOM JieJjIe JIOTIOJIHUTE/IbHO TPedyeTcs 3HaTh OJIMH BEKTOP: YIVIOBYIO CKOPOCTb W.

Jlemma 4.1. B 1060it MOMEHT BpeMeHH t CyIIeCTBYeT TaKOH eJHHCTBEHHBII BEKTOD
w (yrioBasi CKOPOCTH), 49TO /ISl KaXKJ0ro OA3HCHOIO BEKTODA €) BBIIOJIHSIETCS
COOTHOIIICHHE

ék = [w, ek], k= 1, 2, 3. (46)

B kauecTrBe W MOXKHO B34Th
3

w— %Z[ei, & (A7)

i=1
O /lsist 060CHOBAHUS CYIIECTBOBAHNUS HYKHO HOCTABUTD (4.7) B mpaByIo 9acThb (4.6),
PACKPBITH JBOIiHOE BEKTOPHOE MPOU3BEJIeHNe U UCHoIb30BaTh (4.1), (4.2):

3

o, e = 3 D llew & e = 3 Y fen(en, ) — enlen, ) =

=1

1o 1
= 5 E {815216 -+ (ei, ek)ez} = §(ek -+ ek) = ék.
i=1
[Ipu BBIYHMCIEHUN YITEHO CBONCTBO pa3/IOyKeHUS BEKTOPA IO OPTOHOPMHUPOBAHHOMY
3

3
Gasucy: a = E a;e; = 5 (e;, a)e;.
i=1

= =1
st joKa3aTesibCTBa € IMHCTBEHHOCTH MPEJII0JAraeM, 9T0 CyIIEeCTBYEeT /1Ba BEK-
TOpa W1, Wa, YIOBIETBOPsIONIHE yCI0BHIO (4.6) 1eMMbl, BEIduTaeM Bbipazkenust (4.6),

B KOTOpbI€ IIOACTaBJICHLI W1 U W2, IOJIy9aeM ypaBHEHHE
(w1 — wo, €] =0, k=1,2,3,

CIPaBEe/IJIMBOE TOJBKO IpU wi—w-. M
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Jlemma 4.2. B 110605t MOMEHT BpeMeHH t CyIIecTBYeT TaKOH € JHHCTBEHHBII BEKTOD
w (yryioBas CKOPOCTH), 4r0 st jifoboro Bekropa p=0B, cBsizanHOro ¢ rejioM,
CIIPABEJTHBO

p=w, pl (4.8)
O Jlemma pokassiBaercst auddepennupoannem ¢ yaerom (4.6) dopmyast (4.3):

3

p= e = uilw. o) = [, Y yed] = lw. . (4.9)

Teopema 4.1 (06 yryioBoii ckopocTn). B Jt060ii MOMEHT BpeMeHH t CyI[ecTByeT
Takoii eJHHCTBeHHBIH BEKTOp w (YTJa0Basi CKOPOCTH ), 4TO CKOPOCTH JIIOOBIX JBYX
TOYEK O uB TBEpPAOIro Tejia CBA3aHbl COOTHOIICHHUeM

Vp=Vo+ [UJ, p]7 (41())

rae p=OB.

O Teopema jokasbiBaercs guddepennupoBanuem 110 Bpemenn t ¢ yaerom (4.8) Bbi-
paxenus (4.4). B

CaencrBue. Ecin st ckopoctu rouku O rejia Boinosiasercs Vo = 0, 70 cKopocTb
JIF00OI JIpyToit Toukn B TBepjoro rejia paBHa

Vi = |w, r], (4.11)

rae r = OB. Takoe jaBmu>keHne Ha3BaHO B § 11 9HCTBIM BpAI[EHHEM.
Onpepenenune 4.2. YrjioBoii CKOPOCTBIO TBEPAOIO Te€JA HA3bIBACTCS BEKTOD
w, CBSI3BIBAIOIHIT cCKOpocTH Jito0bix aByx Todek O u B reja ¢dopmyinoii (4.10).

OTMmernM, 4TO yIJIOBag CKOPOCTb W Tejla — CBOOOJHBII BEKTOP: Y HEro ecTb
BeJTMYMHA, €CTh HAIIPaBIeHHUE, HO HET TOUKHW MPUIOKEHU.

Dopwmyaa (4.10) mokaspiBaeT, 9TO JJIsl BBIYUCJAEHUST CKOPOCTH V g TIPOU3BOJIBHOMN
TOYKH TeJjla — PaclpejiesieHust CKopocTeil B Tejie — Tpedyercsi 3HaTh CKOPOCTh Vo
HeKOTOpOil (ukcupoBanHoii Toukn O TeIa U ero yrioBy CKOpocTh w (puc. 4.2).

Cdopmymupyem u JIoKazKeM MOJE3HBIN 711 TPUIOKEHH pe3yIbTaT.

Teopema 4.2. VYrioBas CKOPOCTh W pacKJIaJbIBACTCS IO OPTOHOPMHPOBAHHOMY bOa-
3HUCY €1, €3, €3, CBI3aHHOMY C T€JIOM, CJEJAVIOIIHM 00pa30M:

3
w = g w;i€;,
i=1

w1 = (ég, 83) = —(eg, ég), Wy = (ég, el) = —(83, él), (412)

W3 = (é1, 92) = —(61, éz)-
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O IIpoBeneM 10Ka3aTeIbCTBO JJId Wi:
w1 = (617 UJ) = ([627 63]7 w) = ([UJ, 62]7 63) = <é27 63) = _(e27 83)

[Ipn moKa3aTeNlbCcTBe HCHOIB30BAHBI BO3MOXKHOCTH B CMEITAHHOM IIPOH3BEIeHUH
IMKJIMYECKU LepeMelnaTh coMHozkuresan u dhopmyibi: (4.2), (4.6), e = [e2, e3]. B

Puc. 4.2
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§ 5. YI'NIOBOE YCKOPEHMUE.
YCKOPEHI Y TOYEK TBEPIOI'O TEJIA

Omnpenenenne 5.1. YTii0Boe yCKOPEHHUE € TBEPAOTO TeJIa CJIEAYIOIHM 00pa30M
onpeneideTrcsda 4epe3 YIJIOBYIO CKOPOCThb W

£ =w. (5.1)

Yr0Boe yCKOpeHue €, Kak U yrjioBas CKOPOCTh W, — CBOOOJIHBII BEKTOP.

Puc. 5.1

Teopema 5.1. Vekopenusi j106bix aByx Toyek O u B rBepaoro reja cBsi3aHbl
COOTHOIIIEHHEM

W5 =Wp + [6’ p] + [wv [wv pH? (5'2)
rae p:O_B.

U JIng jgokasarebecTBa HY:KHO TpoauddepeHnupoBaTh 1Mo BpemeHu t Gopmysry
(4.10), ucop3oBarhb onpenesenus 1.4, 5.1 u dopmyay (4.8). B

Caencreue. Ecan st yekopernst Touku O tejta Beimosasiercss Wo = 0, To ycko-
perue J1o6oii apyroii toukn B Teepioro teja pasao (cMm. (4.11)

Wp = [67 I'] + [LU, [“‘)7 I'H = [87 I'] + [wa VB]7 (53)
raer = OB.
Onpenenenne 5.2. Bekrop W, = [€, p| Ha3piBaeTcsi BpAIIATEILHBIM yCKO-
penueM, sektop W, = [w, [w, p|] — ocecTpeMuTenbHBIM yCKOpEHHEM.
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@opwmyia (5.2) MOKA3BIBAET, YTO JIJIs BBIYUCICHUS YCKOpeHust W g TIPOU3BOJIBHOM
Touku B Tejia — pacupe/jiejiennsi YCKOpeHuil B Tejie — Tpedyercs 3HaTh yCKOpeHue
Wy sekoropoit dpukcupoBannoit Toukun O Teja, yIJIOBYI CKOPOCTH W TeIa U ero
YILJI0BOE ycKopenue € (puc. 5.1).
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§ 6. IIPUMEPBI BBIYVICJIEHN 1
VYIJIOBOM CKOPOCTU U YIJIOBOT'O YCKOPEHUYA

ITpumep 6.1. Ilpsvast, cBsizanHast ¢ TEIOM, ePEMeITaeTcs MapaIeIbHO CaMOil ce-
6e. TakoMy yCJIOBHIO y/IOBJIETBOPSIOT IMPAKTUYECKHA UHTEPECHDbIE CIyYal JIBUZKEHUS
TBEP/JIOTO Tesia: BpallleHne BOKPYT HEMOJBUYKHOU OCH, IBHUZKEHHE ILITOCKOWH (DUTYPBI
B IJIOCKOCTH, BUHTOBOE JIBUZKeHNe (raifka HaKpydnBaeTcs Ha BUHT). OpTOHOPMUDO-
BaHHBbIE 0A3UCHI 1y, 1o, i3 U €1, €y, €3, CBA3AHHBIE C CUCTEMOI OTCYETA U C TEJIOM,
BBIOEPEM TaK, YTOOBI OPT €3 PACHOJIAra/ICs Ha ITOI MPsAMOil, a OpPT i3 CHCTEMBI OT-
cuéra ObLT OBl STOI MPAMOIl HapaJLIeIeH:

e3 = i3 = const. (6.1)

Opram €7, €2 0cTaéTcsi BO3MOKHOCTH BPAIATHCsI BOKPYT opra e3 = iz (puc. 6.1).

Puc. 6.1

OpThl €1, €3 pacKJIaAbIBAIOTCS II0 HEIOJABUKHBIM OpTaM 1i, iy CHCTEMBI OTCUYETA
CJIeIYIOIIM 00pa3oM (¢ — yroJ1 MexKjly opTaMu i u €, cM. puc 6.1):

e = ijcosp+ipsing, 62)

e, = —iysinp + iz cos .
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JuddepennupoBanne 3TUX BbhIpasKeHuil Mo BpeMenn t ¢ yuaérom (6.1) mpuBouT K
pe3yJbTraraM:

€ = (—iisinp+izcosp)p = e, (6.3)
€y = (—ijcosp +ixsing)p = —e . |

C yuérom coornormennii (6.1) — (6.3) Boraucaum mo dopmyste (4.7) yriaoByo cKo-
POCTh W TeJa:

3

1 .
w = §Z[ei, &) =

=1

([e1, &1] + [eq, &) = 5 ([e1, es] — [e2, €1]) ¢ = ges.

N —
| —

Takum obpas3om, B caydae, KOIJa IpsMasi, CBA3aHHASA C TEJIOM, IepeMeaeTcs Ha-
pasLIenbHo cebe caMoil, HaITpaBIeHne YIJIOBOil CKOPOCTH

w = pe; = wes (6.4)

COBIIaa€T C IOCTOAHHBIM HallpaBJICHHEM €3 — i3, a BE€JIMYHHA yF.HOBOIU/I CKOpOCTH
paBHA W = ¢ — NPOU3BOJHOI 1O ¢ yrjia MOBOPOTA.
YrioBoe yckopeHue € Burauciagercs mo dpopmyse (5.1), uCXoasg u3 BbIparKeHuii
(6.1) u (6.4):
E=w= ()beg = d)eg, (65)

TO €CTh HAIIPABJIEHUE YTJIOBOI'O YCKOPEHHST TaKZKe COBIAJIAET C TOCTOSTHHBIM HAIlPaB-
JIeHHeM €3 = i3, a BeJIMYMHA YIJIOBOI'O YCKOPEHHUs paBHA € = () = w.

ITpumep 6.2. [IpsiMoit KPyroBoit KOHYC paBHOMEPHO KaTUTCS 0€3 CKOJIbKEHUsI 110
mtockoctu (puc. 6.2). Tpebyercst HaiiT €ro yriioByto CKOPOCTh W YTJIOBOE YCKOPEHHE.

Puc. 6.2

OTCyTCTBHE CKOJNLKCHHA 03HAYALT, 9TO KazK/Jad TOUKa A COIPUKOCHOBEHMs KOHYCA
C IUIOCKOCTBIO UMET HyJIeByI0 cKopocTh: V4 = 0. Ckopocts Bepmuabl O KOHyca
Bcerja pasHa Hy/110: Vo = 0, a cKopocTu Apyrux To4ek B KoHyca OIpeaeasioTcd
dbopmyaoit (4.11): Vi = [w, r], r = OB. [Iisa T0ouek A COUPHKOCHOBEHHS U3 TO-
ro pesyanraTa ciaeayer: V4 = [w, 1] = 0, r = OA, T0 ecTh HanpaBlIenue yrioBoii
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CKOPOCTH W JIOJZKHO COBIAJIATDH C JTUHUE CONPUKOCHOBEHUST: W= we; (€3 — opT, pac-
1I0JIOZKEHHBIl HA JIMHUU COUPUKOCHOBeHHUst ). Eciiu n3BecTHa cKOpocTh KaKOH-HUGY 1b
TOYKHM KOHyCa, Hanpumep, nenrpa C ocHoBanua: Vo, — TO HaXOAUTCA U BEIHYHU-
Ha w yrjaoBoil ckopoctu: w = Vi /h, rie h — paccroguue or Touku C' 10 BeKTOpa
w. YIJI0BOE yCKOpPEHHE € MPOIIe BCErO BBIYUCJIUTDL KaK CKOPOCTH KOHEYHON TOYKH
F Bekropa w (cMm. Teopemy 1.1): e=w=V . T[Ipu paBHOMEPHOM BpAIIEHUH KOHYCA
Touka F' ecTb TOUKa TBEPJOrO Teaa — ILUIOCKOCTH {€, €3}, €3 — OpT, mepreH/u-
KyJsIpHbIii miockoctn kadenus. Ckopoctb Vg 1o dbopwmyse (4.11) pasua Vp=[Q,
w|, raie Q—=e; — yraoBas ckopocTh MIocKocTH {€9, es}, (2 = Vo /H, puc. 6.2),
w — paguyc-BexTop OF. OKOHYATEIBHO: YIVIOBOE YCKOPEHHE €= £€; KOHYCA Ha-
IIPABJIEHO MEPIeHIUKYISPHO IIOCKOCTH {€, ez} (puc. 6.2), a mo BeJUYUHE PABHO
e=Ww=V2/Hh=(VZ/h?)tga =w?tga (yroa a ykasan ua puc. 6.2).
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['JTABA 3
CJIO2ZKHOE /IBU2KEHUE

§ 7. CKOPOCTDb 1 YCKOPEHINE TOYKU
B CJIO2KHOM IBN2>KEHINN

Onpenesnenune 7.1. Cii02kHOE ABUKEHUE MEeXaHHY€CKOI'O 00bEKTa 3TO, KOIJ[a, BO-
MEepPBBIX, 3a/[aH0 JBUXKEHHe TPEXMEPHOI0 IMPOCTPAHCTBA (IOABUYKHOE IPOCTPAH-
CTBO) OTHOCHTEJILHO CHCTEMbI OTCUETA, BO-BTOPBIX, 33/IaHO JBHKEeHHE 00beKTa OT-
HOCHTEJIbHO MOJ[BUXKHOI'O IIPOCTPAHCTBA. XapaKTePUCTHKH JBUKEHUS (CKOPOCTb, yT-
JIOBOE YCKOPEHHe U T. J[.) OTHOCHTETBHO IIOJIBHKHOTO TIPOCTPAHCTBA HA3BIBAIOTCS Xa-
paKTepuCTHKaMi OTHOCUTEJIbHOTO ABUYKEHUS, XaPAKTePUCTHKH JIBUXKCHUS] BME-
cre C IIOABU2>KHBIM IIPOCTPAHCTBOM (HpH OCTAaHOBJIECHHOM OTHOCHUTEJ/JIbHOM ,JBH}KGHHI/I)
Ha3BIBAIOTCST XapaKTePUCTHKAMI TEPEHOCHOTO OBUYKEHUS, XapaKTePHCTHKHI J[BH-
JKEHHST OTHOCHTEJIbHO HCXOJHOH CHCTEMBI OTCYETa HA3BIBAIOTCS XapaKTepPUCTHKAMHI
abCOJIIOTHOTO ABU>KEHUS.

[Iycts 06e cocrapisiomue (MepeHOCHAast U OTHOCHTE/bHAs) JBUZKEHHs 33AHBI,
CTABUTCS 3aJa9a OIPEIeJNTh XapaKTePHUCTUKA aOCOTIOTHOTO JTBUKEHNS.

Jlns MarepuaabHOl TOukM B 9Ta 3a71a9a KOHKPETU3UPYETCs CJIeAY oMM 00pa-
30M (cM. puc. 7.1, moBropsomuii puc. 4.1).

Puc. 7.1

llepenocnoe nBuzkenne — mope/ieHUe IIOIBUKHOM CUCTEMBI — OIpeJieIgeTcd BeKTOP—
dbyuxumsamu ro(t), e1(t), ea(t), es(t). Ornocurenpuoe nuzkenne rouku B — jpuxe-
HIe OTHOCHTEJbHO MOJIBUIKHON cHCTeMbl — omnpesessercs Kodddumenramu yi(t)
Pa3JIOZKeHUI

3
p= Zykek, (7.1)
st

25



paguyc-BekTopa p—0DB 10 opraM €1, €3, €3, CBA3AHHBIM C MOABUKHON CHCTEMOI.
AbcosmorHoe BuKenne Toukn B 3agaéres dopmydoii (puc.7.1)

3
r:r0+p:r0+2ykek, (7.2)
k=1

B IIPaBOil YacTu KOTOpoil Haxoaarcs nudopmanus ro(t), e;(t), es(t), es(t) o quzxe-
HUU TOJBUKHON cucreMbl U nHOpManusa 06 OTHOCUTENbHOM aBuzKeHun yi (t), yo(t),
ys3(t) roukn B.

JIjist BBIYMCJIEHUS] XaPAKTEPUCTUK abCOIOTHOTO JIBUZKEHUST HAJ0 OTJIEJIbHO Pac-
CMOTDETh [EPEeHOCHOE J[BUKEHHE U OTHOCUTE/bHOE.

IlepeHocHoOe aBM>KEHHME TOYKH — 3TO Korja B (7.2) 3adpuKCHPOBAHO OTHOCH-
TesbHOE JBUKeHue: p—const. Juddepennnuposanue (7.2) mo Bpemenu ¢ ¢ yIéTom
p—const npusoauT K popmynaM Jijig IepeHOCHOil CKOpOCTH V ., 1 EPEHOCHO-
ro yckopeHuss W, — CKOPOCTb U YCKOPDEHHEe TOUKH TBEDJIOIO TeJia:

3
Vnep = i‘O + Z yk’ek’7 (73)
k=1
3
Wiep =To + Zykek (7.4)
k=1

OTHOCHUTE/IbLHOE JBUXKEHNE TOYKHN — 3T0 Korja B (7.2) 3adbuKcupoBaHo mepe-
HOCHOe JIBHKeHHe: ro—const, e;=const, es—const, es—=const. duddepennupopanne
(7.2) no Bpemenu t B 9TOM Ciiydae upuBoauT K Gopmysam st OTHOCUTEIbHOM
ckopoctu V,;; U OTHOCUTEJIHHOTO yckopeHus W,,, — CKOPOCTh U YCKOPEHUE
TOYKM B HENOJBUKHOIl cucTemMe OTCUETA!

3
VOTH = Zykeka (75)
k=1
3
WOTH = Z ykek (76)
k=1

B nureparype ynorpebngiorcs Takzxke obo3HaueHus: V., W, /g IepeHOCHBIX
CKOPOCTH U yCKOpeHust (0T anriuiickoro ciosa endure); V., W, 17ist OTHOCHTEIbHBIX
CKOPOCTH M YCKOPeHHsI (0T aHIJIMHACKOro cJoBa relative).

B abGcoaroTHOM JABUXKEHUM TOYKM YUUTHIBAETCS BKJIAJ] BCEX YYACTHUKOB
CJIOZKHOTO JIBUZKEHUS: TOJABUZKHON cucrembl To(t), e1(t), ex(t), es(t) u mepemerre-
HUsI TOYKU OTHOCHTEJbHO MOABUKHOI cucremsl (1), yo(t), ys(t).

Teopema 7.1 (0 ciiokeHun ckopocreii). AGcoatoTHast CKOPOCTh V 45, TOYKH B
CJIOZKHOM JIBHKCHHH €CTH CYMMa, IIePeHOCHOiH CKOPOCTH H OTHOCHTETBLHOH CKOPOCTH:

Ve = Vnep + Vorn- (77)
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O Jns nokasaresnberBa npoauddepeniupyem dbopmyay (7.2) mo BpeMeHu ¢ U HC-
noJsib3yeM obosuadenus (7.3), (7.5):

3 3
Vage =10+ Z Yrer + Z ek = Viep + Voru- (7.8)
k=1 k=1
Viep Voru

Teopema 7.2 (0 ciaoxkenuu yckopenmii, reopema Kopuonuca). Abcomror-
Hoe yckopenue W ,s. TOYKH B CJIOXKHOM JIBHXKEHHH €CTh CyMMa IIEPEHOCHOI'O YCKO-
DeHHsI, OTHOCHTEJbHOIO YCKOPEHHsI H KOPUOJIMCOBOTO yCKOpeHusi (yCKOpEeHMs
Kopwuonuca)

Wiop = 2Whep, Vo, (7.9)

[Je Wyep — YIVIOBAS CKOPOCTD ITOJBUKHOI CHCTEMBI:
Wa6c = Wnep + WOTH + WKop . (710)

O Jns mokasaresnberBa npoauddepeniupyem dbopmyay (7.8) mo Bpemenu t (asa-
Kbl bopmyaty (7.2)), iis 9acTu cjaaraeMbix ucnosibsyem obosnadenus (7.3), (7.5),
a JIUIsl OCTABIIMXCs cjlaraeMbix obo3HadeHne W,

3 3 3
Wase =To + Z Yrer + Z Yr€r +2 Z Uker = Wiep + Wor + Wi,
k=1 k=1 k=1

—_————— —— N———
Wiep Worn Wkop

[Tokazkem, uTo caaraemble, oboznadennbie W g, , Tpeobpas3yoTcs ¢ NCIOIb30BaHIeM
dbopmyn (4.6) u (7.5) k npaoit yactu dopmysr (7.9):

3 3 3
2 Z ykek =2 Z ykz["-’nep; ek] = 2[“-Jnepa Z ykek] = 2[‘-‘)nepa VOTH]'
k=1 k=1 k=1

L1t abCOJIFOTHBIX CKOPOCTU U YCKOPEHUsI B JIMTEPATYPE UCHOJIL3YIOTCH TaKKe
obosnavenust V,, W, i orcyrcrsue unjiekcon: V, W. J[jisg KopuojmcoBa yckope-
o — oboznauenume W..
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§ 8. IIOJIAPHBIE KOOPAVMHATDBI

Touka P apuzkercs B mockoctu. Ha miockoctu dpukcupyercs: rouka O u moJisipaast
0Cb, HATIPABJIEHNE KOTOPO#i 331aH0 opToM iy. [losisipabie KoopauHATH TOYKH P — 3T0
paccrogane © = OP u yroa ¢ MexkK 1y HOJAPHOIl 0ChI0 U paauyc—BeKTopoM I = OP
(puc. 8.1).

e,

¢
- 1
O 1,

Puc. 8.1

BBeiéM 1MoABUKHYIO CUCTEMY: OPT €1 PACIIOJIOXKEH Ha, IIPAMOIi, 33JaHHOH BEKTOPOM
r = OP, T0 eCTb CIPaBeLINBO T = T'€; OPT € HPHHAIEIKHT ILJTOCKOCTH [[BUZKEHI
U TEePIeHIUKYIIPEH OPTY OPT €1; OPT €3 3aJaéTcs TakK, 4TOOBl OPTHI €1, €3, €3
HIpeACTABISIIA COOOM IIPaBblii OPTOHOPMHUPOBAHHBIM Oa3uc.

Bsenénnasa mojpuzKHad cHCTeMa KOODJWHAT BPAIAeTCsd BOKPYT HEIOJIBUKHOMN
OCH, 3aJIaHHON OPTOM €3, U B COOTBETCTBUH C pe3yjabTaTamu npumepa 6.1 mmeer
YTJIOBYIO CKOPOCTD Wpep = (€3 U YIJIOBOE YCKOPEHHUE €y = (P€3.

Puc. 8.2
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[lepeHocHOe NBHKeHHE TOUYKH P — JBHKEHHe BMeCTe C IMOIBUZKHON CHCTeMOi
(OHO 3ajaéTCst YIJIOM ), OTHOCUTEJIbHOE JIBUKEHHE — JIBHKEHUE B MOJBUKHOMN CH-
creme (OHO 3a7a8TCsT KOOPAUHATOM 7).

CKOpOCTh B HEPEHOCHOM [BHKeHHH (IpPU JBUKEHHU IO OKDYZKHOCTH) DaBHA
(puc. 8.2)

Viep = [Whep, T] = ¢res, 1] = pre,. (8.1)

CKOPOCTB B OTHOCHTEIHHOM JABHKeHnn (puc. 8.2) —
Vo = 7€5. (8.2)
AbcosrorHast ckopocTh 110 Teopeme 7.1 pasna (puc. 8.2)
Vise =V =V, + Vo =V, +V, (8.3)
(Vo = Viep = 1, Vi = Vory =7, a €€ Bestmunna —

V=24 o2, (8.4)

Puc. 8.3

VCKOpeHHe B IIEePEHOCHOM JIBHKEHUU (NIPH JIBUZKEHUU 110 OKPYZKHOCTH) COCTO-
uT M3 KacaTe/bHoro (ramremnmasnioro)t Wi u mopmamsnoro Wi (puc. 8.3),
KOTOpbIe paBHbI (mpumep 2.1)

_—_— . .
Wi, = [Euep, T] = ¢rles, e1] = prey,
n _ .2 _ c 2
Wnep - [wnep7 Vnep] =@ 7”[63, 62} = —@re;.

Yekoperue W, B OTHOCHTEJBHOM JBHKEHHH PaBHO (puc. 8.3)

WOTH =Tre;.

! Ta npocTaT aBTopa TEH30pHbIE IyPUCTDI 38 PA3MEIIEHUE MHIEKCOB U IIOSICHATEIbHBIX HAIITHCeH
TO B BepxHeit gactu dbopmyisl, To B HuKHel (cuM. (1.10), (7.10), (8.5)).
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[Toncuér xKopuosucoBa ycKopeHUS W o, OPUBOIUT K CJeIyIONIeMy pPe3yJbTaTy

(puc. 8.3):
Waop = 2Mwnep: Vors] = 257fes, 1] = 2¢res.

OxkoHuaTeIbHO, ADCOFOTHOE YCKOPEHUE TPEICTABISETCS CJIELYIONIIM 00pa3oM

Wa6c = W= WOTH + W7

nep

+ W;ep + Wyop = ( )
8.5
= (F—¢@?r)e; + (¢r+2¢r)es = W, + W,

YcKkopeHne pacK/aIplBaeTCs Ha JBe OPTOTOHAJIbHBIE COCTABIISIONINE: paguajibHas
W, u TtpancsepcanbHag W,. Bejuunnbl, COOTBETCTBEHHO, PABHBI

W, =7 —¢@*r, W, = @r+2¢pr (8.6)

(cp. ¢ pesynbratamu npumepa 3.1).
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§ 9. YIVIOBA4 CKOPOCTbDB 1 VIVIOBOE YCKOPEHUE TEJIA
B CJIO2ZKHOM JIBN2KEHUN

Kak u B § 7, paccMarpuBarOTCcst cucTeMa OTCYETa, ¢ KOTOPOIl CBSI3aH OPTOHOPMEUPO-
BaHHBIN 6a3uc iy, 9, i3 (puc. 9.1), U NOABUIKHOE IPOCTPAHCTBO, [BHZKEHHE KOTOPOTO
3aJ1aHO0 BeKTOopamu I'o(t), e1(t), es(t), es(t) (puc. 9.1).

Puc. 9.1

CKOPOCTH H YCKOPEHHUs TOUEK MOJBUZKHOIO IIPOCTPAHCTBA BBHIPAZKAIOTCS 10 (hOpMY-
aam (4.10) u (5.2) ¢ ucmosb30BaHEM BEKTOPOB

3 3 3
Ire _ ep s e _ ep ¢ _egie _ . Hep s
Vo, W, W™ = E wy i, P = g ep Dip = w"P = g Wi, (9.1)
k=1 k=1 k=1

OTHOCHTEIHHO MOIBUKHOIO NIPOCTPAHCTBA COBEPIIAET JIBUKEHUE TeJO, [OBe/IeHne
KOTOPOTO B TMOJBHZKHOM MPOCTPAHCTBE ompeneneno Bektopamu OB, nj, ny, nj
(puc. 9.1). OTHOCHTENbHBIE CKOPOCTH W YCKODEHHSI TOYEK TeJTa BBIPAZKAIOTCS TI0
dopmynam (4.10) u (5.2) ¢ ucHoAb30BAaHUEM BEKTOPOB

3 3
OTH OTH OTH OTH OTH * OTH
k=1 k=1

s erancienust mo dopmyaam (4.10) u (5.2) abCoTIOTHBIX CKOPOCTeii U YCKOPeHumit
TOUEK Tesa TpebyeTcs 3HaTh XapaKTepuCTuku Toukn B: V¢ = Vp u W¥¢ = Wp,

— ¥ XapaKTepUCTHKH Tea: w?% =w n €% =¢. Bextopsr V¥¢ n W¢ prrancisiorces
o dopmynam (7.7) u (7.10), manpumep,

Vil = Vg = Vi + Vi = Vo + [w™®, OB +V§™. (9:3)
e

B

abc abc

Teopema 9.1. VrioBas ckopocth w*°° =w u yrjioBoe yckopenue €2°° =€ reJjia B CJ10K-
HOM JIBU?KE€HHUH CBA3aHbI C XapaKTEePUCTUKaMHU IIEPEHOCHOI'O U OTHOCHTEJIBHOI'O JBH-
JKEeHHS CJIeJTYIONHM 00pa30M
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waﬁc = w = wW"P + wOTH7 (94)
6:az6c — g =gl 4 gOmH | [wnep’ wOTH]. (95)

O ITpoussosbhas Touka C' Tesia yq4acTBYeT B CJOXKHOM JBHKEHUH U €€ CKOPOCTH B
coorsercTBuu ¢ dopmysamu (7.7) u (4.10) pasua

Vaﬁc VC — VHep + VOTH VO + [ mep OC] + VOTH + [wOTH7 B_C] ]

Vo o
Iie OTH
v VY

Yuaér B aroit popmyne OC = OB + BC' (puc. 9.1), neperpynnupoBKa cjaaraeMbix u
ncnosb3oBarne Gopmysibl (9.3) TPUBOANT K pe3yIbTaTy

VC — VO + {wnep7 O_B] 4 VOBTH _|_[wnep +wOTH’ B_C] —

\Z: (96)
= Vi + [w™ +w™, BC).

Teopema 4.1 racuT: CyIIeCTBYeT €JIMHCTBEHHBIN BEKTOD W, TaKOil ITO CKOPOCTH
JBYX TOUeK Teqla CBA3aHbl BhpazkenneM Vo = Vp + [w, BC], cpaBrenne KOTOPOTO
¢ pesyabraroM (9.6) mokassiBaer dopmyny (9.4). dng obocuoBanus dbopmysst (9.5)
upojuddepennupyem 1o Bpemenu t yrjioBylo CKOPOCTh

W= wHep + wOT E wﬂep i, + E wOTH

(mpuBsedens dbopmyasr (9.1), (9.2)):

3 3
E=w= g weP iy + g wy™Mey + E wp ey
k=1 k=1

K dopwmyse (9.5) npusoxur ucnoab3oBanue obozuadennii u3 (9.1), (9.2)

Hep _ § wHep OTH E wOTH

JIIS TIEPBBIX JBYX CYMM H TIpeodbpa3oBaHue ¢ yIEToM JeMMbI 4.1 mocae el cyMMbI:

§ wOTHek — E wOTH nep e w™eP E wOTH — Hep7 wOTH],

— B IOCJIEJIHEM E€PEX0/ie UCIo/Ib30BaHo obo3nadenue u3 (9.2). W
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§ 10. PEI'VJIAPHAZ4 ITPEINECCU A

Onpenenenue 10.1. Perynapras nmpeneccusi TBEPJOIO Teja — 3TO CJIONKHOE
JABH2KEHHUE, IIDH KOTOPOM IIO/IBU?>KHAasA CUCTEeMa BpalgaeTcsd BOKPYT HGHO,HBI/I)KHOI;'I ocn
¢ MOCTOSIHHOH YLJIOBOIi CKOPOCTBIO W™ (€"P = (), a OTHOCHTEJIbHBIM JIBHXKEHHEM
TeJsla SIBIASETCS TaKKe BpallleHneM BOKDYT HEMOJBUXKHOH OCH € TIOCTOSTHHOH YIJIOBOIH
CKOPOCTBIO W™ (€°™ = (). Ocu, BOKPYT KOTOPBIX HPOUCXOJIST BPAIICHHSI, Hepece-
karorcs. IlapameTpsl peryiasgpHoOil Ipeneccun: yriiopad CKOpoCTbh COOCTBEH-
HOTO BpaIiieHus w’™, yrjaoBasd CKOPOCTh Ipeneccuu w’P, yroa HyTanum 0
— yrost Mexk1y ocsivu Bpamjenus (puc. 10.1).

Pnc. 10.1

IIycTs B moasuzkuoil cucTeMe BLIOpaH OPTOHOPDMHPOBAHHBIN Oasuc e€;, €z, €3 Tak,
aro BhIMOTHsIeTCst (puc. 10.1)

W' = wPez, W™ = w'™(—eysinf + ezcosh). (10.1)

[IycTh B Tejie BHIOpAH OPTOHOPMUPOBAHHBINA Oa3uCc Nj, Ny, N3 TaK, YTO B JAHHBLIH
MOMeHT BoimosHgercs (puc. 10.1)

W' = w"P (ngsinf +nzcosf), W™ =w’n;. (10.2)
AbcommoTHas yriioBasg CKOpocTh w® = w Tesa no dopmyaam (9.4), (10.1), (10.2)
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pasHa (puc. 10.1)

W =W = W™ + W = —w™eysinf + (WP + W™ cosf)es =
(10.3)

= Ww™nysinf + (W™ 4 W™ cos f)ng.

Ab6comoTHOE yTiI0Boe yekopenne £20¢ = g tesia o dopmyie (9.5) ¢ yuérom %P = (),
€°™ = 0 pasuo (puc. 10.1)

e3¢ = g = [W"P, W] = [W™Pes, W™ (—eysinf + ezcosl)] =
= —w™PW™e;, €y]sinf = w™P W™ e sinf = (10.4)
= W™ W™, sin b.
DTOT pe3yabTaT MOXKHO MOJIYYHUTH U 10 TeopeMme 1.1:
€ = w=Vp=[wP OF| = [wP, w = WP, wP +w™| =

= [w™P, wo™] = WP W™ e sin ) = W™P W™ n, sin 6.

ITpumep 10.1. Konyc u3 npumepa 6.2 npu paBHOMEPHOM JIBUKEHUN 03 TPOCKATb-
3bIBAHHsI COBEPIAET Pery/ispHyto nperneccuio (puc. 6.2, puc 10.2).

Puc. 10.2

[MTosBuzKHAS CHCTEMA CBA3aHA C IJIOCKOCTBHIO {€2, €3}, cucTeMa BpAIIAETCss BOKPYT
OCH €3 C IOCTOSTHHOM yIJI0BO# cKopocThio w™P. Konyc B 3T0it cucreme Bparmaer-
¢ BOKpyYT cBoeil ocu cummerpun OC' ¢ OCTOAHHOI YIJIOBOi CKOpocThio w®™ . Tpu
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YLJIOBBIE CKOPOCTH CBsi3biBaeT Teopema 4.1: w = w™ + w™ (puc.10.2). Abcomor-
Hasl yIJIOBasi CKOPOCTh W=wey Haifijena B npumepe 6.2, BeJIMUYUHBI JPYIUX yIJIO-
BBIX CKOPOCTeil BBIYHCIIOTCs 110 Teopeme [Tudaropa (yroa a ykazaun Ha puc. 10.2):
WP = wtga, w™ = w/ cosa, a Jisi BEKTOPOB BbInoaHgAeTcs (puc. 10.2):

OTH

w=uwey, WP =-westga, w'™ =w(e,+esztga) &=uw’e tga.

JlobaBiien pesysbraT w3 mpumepa 6.2 71 yII0BOro yckopenus. /ljist TpeTbero ma-
paMeTpa peryJspHoii npereccun — yriia Hyranuu ¢ — Boimosngercs 0 = « + /2.
Paccmorpum touku A u B konyca (puc. 10.2):

OA = OAe;, OB = OB(eycos2a + ez sin 2a),

— ¥ BBIYUCJIMM JIBYMS CHIOCODAMM UX yCKOPEHUS.
C TouYku; 3peHus CJIOXKHOrO ABU>KeHusd (reopema 7.2, puc 10.3).

Puc. 10.3
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Puc. 10.4

WP = W™, ViP] = 0™, ™, OA]] = ~OAulestg’a,
WO = [wo™ | VO] = [w™ | [w°™ OA]] = OAw?(—estg’a + estga),
WP = 20w™, Vi = 2[w™, [w’™, OA]] = 20Aw’estg e,
W, = WiP + W + WiP = OAw’estga.

WEP = [w™  VEP] = W™, [w™, OB]] = —OBuw?eytg’acos2a,
WY = [w™ Vo] = [wo™ | [w°™ OB]] = OBw?(estg’a — estga),
WP = 2[w™ Vo] = 2w™ | [w’™, OB]] = —20 Bw’eytg’a,

Wi = WEP + W9 + WP = —0Bw?(2essin’a + estga).
C TOYKHM 3peHusi NPUHAJIEKHOCTU K TBEpAomy ey (Teopema 5.1 u ciej-
crue u3 neé, puc 10.4).

WP =g, OA] = OAw’estga,
W%C = [w, VA] = O,
W, = WP + W% = OAw’estga.

W2 = [g, OB] = OBw?(—2eysin’a + estgacos2a),

WY = [w, V] = [w, [w, OB]] = ~OBw?essin2a,

Wi = W% + W% = —~OBuw*(2eysin’a + estga).
CpaBHeHue JIByX CLOCOOOB BBIYUC/IEHHs] YCKOPEHUI IIPUBOJUT K BBIBOLY O XOPOIIEM
COBIIAJIEHUH PE3YJIbTATOB.
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§ 11. CJIOYKEHUE BPAIIIEHII TBEPIOTO TEJIA

B § 4 6bu1a BeiBesena dbopmyna (4.10)
Vg=Vo+w, pl, p=0B (11.1)

(puc. 11.1, noropsttormuii puc. 4.2).

Puc. 11.1

OTcyTcerBue omHOTO U3 caaraeMbix B (11.1) BbIIeIsSIET OMHO M3 MPOCTHIX JBUYKE-
Huii TBEpIOrO Tena [14].

Onpenenenune 11.1. [loctynarenpHOe aABU2KEHUE TBEPAOTO TeJga — 370, KO-
raa Jrrobast mpsMasi, CBSI3aHHASI C TEJIOM, IMePeMeIIaeTcsT mapaJsiIe/;IbHO caMoi cebe.

13 onpe/iesieHusi BHITEKAET, YTO OPTHL €1, €2, €3 (puc. 4.1), cBsA3aHHBIE C TEJIOM, He
MEHSIIOTCs BO BpeMst jiBuKenust: €, = 0, orkyaa u u3 dopmyiist (4.7) win (4.12) cie-
ayer w= 0. 113 (11.1) BugHO, 9TO MPHU MOCTYIATETHHOM IBUKEHUN CKOPOCTH TOYEK
TBEPOrO Tesa B JI000H MOMEHT BpeMeHHU ¢ COBIIAIAOT:

Vg = Vo. (11.2)

N3 w = 0 u onpeaenenua 5.1 yriioBoro yckopenus BbiTekaeT €= 0, a u3 GpopMyJibl
(5.2) — coBnazenne B 06O MOMEHT BpeMeHH t YCKOPEHWil TOUeK TBEDIOTO Tesa:
Wpgp = Wy. Eciin B HeKOTOPBIT KOHKPETHBIT MOMEHT BpeMeHu ¢ Jijisi yIJIOBOi CKO-
poctu BoinosHsieTcs w = 0, o u3 (11.1) caemyer, 9r0 B 9TOT MOMEHT BpeMeHH t
cupaseiuBo Vp = V. Takoe aBukenne Ha3bBA€TCsI MTHOBEHHO IOCTYIIATEb-
HBIM.

37



Omnpenenenne 11.2. HUucroe BpaleHue TBEPOOro TeJjia — 3T0, KOIIa JIS CKO-
poctu Hekoropoii Touku O Boeinosasiercs Vo = 0.

V3 ompemenennst BLITEKAET, YTO CKOPOCTH TOUYEK TeJia
Vg=|w,p], p=0B (11.3)

TAKOBbI, KaK, €CJId Obl IIPOUCXO/MJIO BPAILEHUE TeJla BOKPYI HEIOJIBUZKHON ocu (B
9TOM cirydae Jyist J1060it Touku O, npuHaiexkarieii ocu, BeinosHsercs Vo = 0). Sa-
JIaTh YUCTOE BpallleHne — yKa3aTh TouKy (), CKOPOCTh KOTOPOii paBHa HY/II0: Vo = 0,
U YIJIOBYIO CKOPOCTD W TeJia. YIJIOBYIO CKOPOCTh W, XOTsl OHA CBOOOJHBIN BEKTOP, B
cJlydae 4UCTOTO BPAIeHUs IPUHATO OTKJIAIBIBATD OT HEIOABUKHON Touku O.

Jaznee B 3ToM maparpade mpemosaraeM, 9To H3BeCTHB CKOPOCTh V o HEKOTOPOii
toukn O Tesa u ero yriosasi ckopocth w (puc. 11.1). Ckopocru mpodux TOYEK
onpenensitorcst mo dopmyie (11.1). C ucnonb3oBanmem JBYyX MPOCTHIX JBHKEHHUI,
PaCCMOTPHUM HECKOJIBKO BAPHAHTOB CJIOZKHBIX JIBUZKEHUI TBEDIOTO TeJA.

1. ITycTh TOYKA MOABUZKHON CHCTEMBI COBIAJAET ¢ TOYKOi O TBEPAOro Tesa, u
CHCTEeMa MepeMeIIaeTcda IMOCTyIaTeabHo: w™ = 0, oTKyaa CIeayeT, 4To Jjid TOYeK
TBEPAOrO Tesa cupaseauBo VET = V. Tak Kak B OTHOCHTE/NHHOM JBUKEHUH
Tesia BeimosHsiercst V™ = 0, TO OTHOCHTEIBHOE JBHKEHNE eCTh YHCTOE BPAIEHUE C
YIII0BOit CKOpOCTBIO (¢M. (9.4)) w®™ = w —w"P = w. Beraucienne cKopocTeii TOIeK
B ONMCAHHOM CJIOYKHOM JIBUZKEHHU HPHUBOJIUT K PE3YILTATY

Vp=VEP +V§* =Vo+w p], p=0B,

TO €CThb CKOPOCTH B TeJie PacIlpejie/ieHbl TaK, KaK OYATO TeJI0 OJJHOBPEMEHHO COBEp-
IIAeT MOCTYIATEeIbHOE JIBUKEHIEe BMECTe ¢ HeKOTOPOi ToUKoil O 1 4NCTOe BpallleHne
¢ menoasmxkuoi Toukoit O (cm. (11.2), (11.3)).

2. Cyio>KeHue YuCThIX BpalneHuii ¢ obmieii HemoABU>KHOW TOYKOM (cuTy-
arust peryssipaoit npeneccun § 10). [TogBurKHasE CHCTEMa COBEPINALT YUCTOE Bpalle-
aue: Vi? =0, w™ . Teo B MOABUKHOIN CUCTEME TAKKe COBEPIIAET YUCTOE BPAIIe-
aue: V@™ = 0, w°™, npm4éM, HemoJBUKHBIE TOYKH B 00OUX JIBHKEHUSX COBIAIA-
or: O. ABcosoTHoe JIBrzKeHne Takze aucroe spamenune: Vo = V4P + V& =0,
w = w"P + w’™ (puc. 11.2).




DKBUBAJIEHTHOE TIpeoOpa3oBaHme. /[Ba YNCTHIX BpallleHus ¢ o0Ieil HeloIBHK-
HOIl TOYKON MOXKHO 3aMEHHTh 4YHCTbIM BpamieHueMm. OOparHO: YHCTOE BpAIEHUE
MOZKHO Pa3JIOZKUTH Ha JABa YHUCTBIX BpallleHud, BBOAA IIOABU2KHYIO CHUCTEMY, KaK
YKa3aHO B 9TOM IIyHKTe.

Puc. 11.3

3. Tlapa umcThIX BpamieHuii. [ToaBMKHAA CHCTEMa COBEPIIACT YHCTOE BPAIIEe-
mne: VP = 0, w™ = Q. Teqno B N0ABMKHOI cHCTEME TaKZKe COBEPIIAET THCTOE

ppamenne: VF? = 0, w™ = —Q (puc. 11.3). [omggepkuéM: yIIoBbie CKOPOCTH
w™ =, W™ = —() — yYacTHUKH JIBYX JABUKeHHI — mapa. B abcosroTHOM JIBH-

KeHnm: w = w'P 4w =Q—-Q =0, Vg =VE? + V¥ = [w"P, OB] =[Q, OB],
TO €CTh, aDCOTIOTHOE JIBUKEHHE — TIOCTyHaTe bHoe (onpeaeenne 11.1); u cKOpocTh
mo60it Touku O Tena pasna Vo = Vi = [Q, OB]. O6parno: nocrynareisnoe 1Bu-
JKEHHE TeJIa CO CKOPOCThI0 V IPeICTABISeTCA KaK Mapa YHCThIX BPAIeHnii: BHIOOD

sseMenTa mapbl  n rouek O u B HeogHO3HAUEH U noMIuHeH yetosuio V = [Q, OB].

OrMmernM YacTHBIA ciIydail mapbl IUCTHIX BPAIIEHUI: Iapa ¢ HYJEBBIM IJIETOM
— OB || Q (puc. 11.4).

Q@ O B -©

Puc. 11.4

Takast napa Ha3bIBae€TCsI BEKTOPHBIM HYJb U B 9TOM CJIydae TEI0 NpeObIBaeT B
oKoe: Jiist ckopoctu 1r060it Touku C' rea soinosnserca Vo = Vi = [, OB] = 0.
DKBuUBaJIEHTHOE mpeodOpa3zoBauue. CJI0KHOE IBHKEHHE MOYKHO SKBHBAJICHTHO
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“YCJIOXKHUTE  TOOABJIEHUEM WIH H3bITHEM BEKTOPHOTO HYJIHA: TEPEHOCHOE U OTHO-
CUTeJIbHOE JABUZKEHHUA €CTb YUCTblI€e BPpallleHUudA C YIJIOBbIMU CKOPOCTAMHU, KaK IOKa-

3aHO Ha puc. 11.4.
o «Q_
O

Vo /Q

Puc. 11.5

4. Ilpou3BOJbHOE ABU2KEHUE TBEPIOTO TeEJa C TOUKH 3PEHHS pacIpe/iese-
HUS CKOPOCTell, KaK caeayeT U3 M. 1, pacKaabIBaeTcsd Ha MOCTYHATeIbHOE U YUCTOe
BpallleHre; MOCTYNATebHOe, B CBOO ouepeib (1. 3), IpeJICTaBisieTcsl KaK Iapa un-
CTBIX BpAIleHuii, TO eCThb, “dIeMeHTapHOll JacTuieil ” B KHHEMaTHKe TBEPIOro TeJa
dABJIgeTCsS YucToe BparieHue. Takum oOpa3oM, IIPOU3BOJIBHOE JIBUXKEHUE TBEPIOTO
TeJa eCThb Pe3yJIbTaT CJA0KeHUs TPEX YNCTBIX BpAIEeHUil: MOJABUKHAs CUCTEMa CO-
BepIllaeT YUCTOE BPAIIEHHEe ¢ YIJIOBOH CKOPOCTHIO {2, OTHOCHTEILHO Heé JApyras Io-
JIBUZKHAS CHCTEMa COBEpIlaeT YUCTOe BpallleHue ¢ yrJoBoil ckopocTbio —§), a B Heii
TEJIO COBEPIAeT YUCTOe BPAIIEHHE ¢ YIJIOBOil CKOpocThio w (puc. 11.5).

5. Cnoxkuoe papuxkenue TBEpAoro tejaa (§ 9). Kak mokasaHo B mpejbiry-
MeM MyHKTe, PAaclpejieieHne CKOPOCTeil TOUeK MOJBUKHON cucreMbl (IepeHOCHbBIe
CKOPOCTH) — €CTh Pe3yJIbTaT CJIOKEeHUsT TPEX YNCTHIX Bpamennii (puc. 11.6), pacmpe-
JieJIeHRe CKOPOCTeil B Tejie TIPH JIBUZKeHWN B MOJBUIKHOI crcTeMe (OTHOCHTENbHBIE
CKOPOCTH) — TaK:Ke Pe3yJIbTaT CJIOXKeHHs TPEX YnCThIX Bpariennii (puc. 11.6). B a6-
COJTIOTHOM JIBUYKEHUN paclpejie/ieHre CKOPOCTell B Tejie eCTh pe3yabTaT CJIOKEHUS
1eCTH YUCTHIX BpAIlleHWil, yKa3aHHbIX Ha puc. 11.6.

OTH

_QOTH

Puc. 11.6

40



5. “MHuorocioxkuoe” aBu>keHmne TBEpAoro teJa. llogBu:kHasg cucrema co-
BepIllaeT ABUZKEHUE OTHOCUTEJIbHO CHUCTEMbl OTC‘{éTa, OTHOCHUTEJIBHO 9TOI IO ABU K-
HOH cHUCTEMBI coBeplIaeT JABU2KECHHE ApPYyTrasd IMMOABUKHaA CUCTeMa U TaK JdaJiee, OTHO-
CHUTEJIbHO IIOCJIeTHEl OIBUKHOI CHCTEMBI COBEpIaeT IBUKeHne TBEp10e Tesio. Tpe-
OyeTcs HAWTU CKOPOCTU TOYEK TBEPJIOro Tesa. PaccyzK/IeHus Mpe bl Iynero myHKTa
U WHIYKIASA TPUBOJAT K BBIBOMY, YTO paclpejie/ieHne CKOpOCTeil B TBEPIOM Te-
JIe eCTh pe3yJbTaT CJIOXKEHWd YUCTBIX BPAlleHN#, KOTOPBIM COOTBETCTBYIOT YIJIO-
Bbl€e CKOPOCTHU {wz} Ka}KILaH yrijioBasd CKOPOCTb w; IIPpUJIO2KEHA K HeHO,ZLBI/I)KHOI'?'I JJIA
JAHHOTO YucToro Bpamenus Touke O;. MHOXKeCTBO yriioBbIX cKopocTeil {w;} MOxKHO
SKBHBAJIEHTHO IIPeo0pa30BLIBATH: IPUMEHS JIBa SKBUBAJEHTHBIX IIPeoOpa30BaHusd,
yKa3aHHBIE B .2 U 10.3.

41



['JTABA 4
CKOJIB3AIIINE BEKTOPDI

§ 12. SKBUBAJIEHTHBIE ITPEOBPA3ZOBAHU A
n NX NHBAPNAHTDBI

K TpaaununonHOMy OnpeiesieHnio BeKTopa (HampaBIeHHBIH oTpe3ok [3]) mobasmm
MeHee TpaJuIuOHHbIC.

Onpenenenne 12.1. IIpuiaokeHHbIit BEKTOP — BEKTOP ¢ (PHKCHPOBAHHOI Ha-
qyaibHOH TO4KOH. CKOJIb3AMIuili BEKTOP — BEKTOD, KOTOPBIH MOXKHO IepeMeIaTh
Baob smauN JeiictBus. Ilapa — gBa CKOTB3SIIIX BEKTOpa a W —a, JIMHUU Jlefi-
CTBHSI KOTOPBIX MapPAJLICTbHBI, DACCTOSHIE MEXKITY JIMHUSIMHA — I1e40 mapbl. CBO-
0OaHBII BEKTOP — BEKTOP C IIPOU3BOIBHOI TOUKOI rpuioxkenusi. MHOXKeCTBO Bek-
ropos {a;}, i = 1, N, Ha3piBaeTCsi MHOYKECTBOM CKOJIb3AIINX BEKTOPOB, €C/IH
MHOKeCTBO pa3peIreHo MOBePraTh HUZKECTIETYIOMAM ABYM SKBHBAJTEHTHBIM IPE00-
Pa30BAHHSIM.

15. J106aBIsITh 1 U3BIMATH BEKTOPHBIIT HyJIb: IBa BEKTOPa {a, —a}, pacmuosoxKeH-
Hble HA OJHOI mpsamoii (puc. 12.1).

a O B -a_

- —

Puc. 12.1

= > -
6)
a
a B
B)
Prc. 12.2
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Bpenénnoe mpeobOpa3oBaHHe JI03BOJISET MepeMeIlaTh OTAeNbHBIl BEKTOp & BIOJb
HpsIMOi, Ha KOTOPO#l OH pacuoJiozxkeH. [l nepemenienusi Hy»KHO J100aBUTH K BEK-
Topy a (puc. 12.2 a)) sekropusiii nynb {—a, a} (puc. 12.2 6)) u u3bsATH BEKTOPHbIII
uysab {a, —a} (puc. 12.2 B)).
DKBHBAJIEHTHOE IIPpeoOpa30oBaHue 19 OIMpaBaAbIBaeT TEPMUH ‘CKOJIb3AMINNi BEKTOD .
23. JIBa BekTOpa a m b ¢ o0meit HadagabHOit TOUKOil () MOYKHO 3aMEHUTH WX
BEKTOPHOI cymmoii ¢ = a+ b (puc. 12.3).

Puc. 12.3

BekTop ¢, oryioxkenubit 3 Touku (), MOKHO 3aMEHUTH Ha PE3y/JbTaT PA3JIOKEHUsI
110 JIBYM IIPAMBIM, TpOXOadmumM depe3 Touky O (IIpsMble 1 BEKTOP € PACIOIOZKEHbI
B OJIHO# ILJIOCKOCTH, puc. 12.3).

Onpenesienune 12.2. /[Ba MHOXKeCTBa CKOJIb3SIIITHX BEKTOPOB Ha3bIBAIOTCS SKBUBA-
JIEHTHBIMU, €CJTH OT OJTHOTO MHOZKECTBA K JAPYTOMY BO3MOKEH MePexXo,T TPH IOMOIITH
1peobpasoBanmii 15 o 2.

Onpenesienue 12.3. 'maBabiM BeKTOpOM R MHOMKECTBa CKOJIB3SIIIIHX BEKTOPOB
{a;}, i = 1, N, HazbiBaercs cymma

N
R=) a (12.1)
=1

— pe3yJibTaT TaKOro InapaJijieJIbHOI'O IIepeHOCa BEeKTOPOB a;, 9TO Yy HHX COBIAaarT
Ha4vaJIbHbI€ TOYKH, H IIOCJIEAYIOIIEIO UX CJ/IO2KCHH .

[naBHBIT BEKTOp — CBOOOJIHBII BEKTOP, €r0 TOYKaA MPUJIOKEHUS He OIpeje/IeHa.

Omnpenenenne 12.4. Moment Myp(a;) BekTOpa a; oTHOCHUTENbHO TOYKuU O
BBIYHCJISIETCST 110 (hopMyJIe
Mo (a;) = [r;, ail, (12.2)

e BeKTop r; nposeaén n3 roukn O K OpsiMOfi, Ha KOTOPOI PACIIOJIOKEH BEKTOD a;
(puc. 12.4).
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Puc. 124

Touka O npuHEMaeTcd 33 HaYaJbHYIO TOUKYy MoMeHTa Mop(a;), To-ecTh, MOMEHT —
NPUJIOKEHHBITT BEKTOP.

Bameuanwue 12.1. CkopocTh TOYKH B 1pu 9ucToM BpallieHHn Teja (onpeesienne
11.2, Vo = 0) ecTh MOMEHT YTIJIOBO¥ CKOPOCTH OTHOCHUTEIBHO TOYKU B:

Vi = [w, OB] = [w, —BO] = [BO, w] = Mp(w), (12.3)

ucnosb3oBaubl hopmyast (11.3), (12.2), puc. 11.1, puc. 12.4.

Ompenenenne 12.5. 'maBasiM MmomeHTOM M MHOXKECTBaA CKOJIB3SIIIHX BEKTO-
pos {a;}, 1 =1, N, massiBaercs cymma BekTopos Mo(a;), ornoxennpix uz toukn O:

N

Mo = > Mo(a;) = Y [r;, ajl. (12.4)

=1 i=1

I'maBubIil MOMeHT M TakzKe IPUIOXKEHHBIH BEKTOP — K TOi Touke O, OTHOCUTEILHO
KoTOpO#l Bhruncagercd. V3 onpenenennii 12.3, 12.5 BUAHO, YTO MPU IKBUBAJEHTHBIX
npeobpa3oBaHUAX 19 M 23 IVIABHBIM BEKTOP U IJIABHBIH MOMEHT He U3MEHHAIOTCS.

Ompenenenne 12.6. InaBuprii Bekrop R m riaBabiii MomenT Mo Ha3bIBarOTCs
BEKTOPHBIMHI MHBAPUAHTAMU MHOXKECTBA CKOJIB3SIIHX BEKTOPOB.

Teopema 12.1 (0 mepeHoce mosioca). [1aBHbIE MOMEHTHl OTHOCHTETBHO TOYEK
O u A cBs3aHBI (pOpMYJIOLT

M, = My — [OA, R, (12.5)

rime R — riraBHBI BEKTOp MHOXKeCTBa CKOJIB3SIIITHX BEKTOPOB.
O JTokazaresabCTBO ClieiyeT U3 MoCIe0BaTebHOCTH MpeobpasoBanuii (cM. puc. 12.4

u (12.1)):

N N N

My = Z[pia a;| = Z[rz —OA, aj] = Z[I‘i, a;] — [OA, Zal-] =My, — [OA, R].

=1 =1 =1
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Teopema 12.1 maéT BO3MOXKHOCTH NMPEACTaBUTH KapTHHY pacIHpe/ieIeHus TIaBHBIX
MomeHTOoB M 4 110 mpocTpancTBy.

Bameuanue 12.2. I3 dbopmyasr (12.5) caemyer, aro npu R = 0 riaBabie MOMEHTBI
HE MEHSIOTCS [PU Hepexo/ie OT TOYKU K TOYKe. B 9TOM ciiydae rjiaBHBbI MOMEHT —
cBoOOaHbIT BekTOp. Takast KapTWHA MMeeT MecTo Jid mapbl {a, —a} npu J06oM
IJIe4e — PACCTOAHUHN MEXKJy JIMHUSIMHU, HA KOTOPBIX PACIIOJIOKEHBI SJIEMEHTHI ITapbl
an—a.

amnee npeanonaraercst R # 0. YkazkeM HeCKOJIBKO cieaytormux 3 dopmysasr (12.5)
CBOIICTB pacHpe/ie/ieHnst IJIABHBIX MOMEHTOB B 3TOM CJIYYae.

1. Ecu roukn O 1 A paciosiozKeHsl Ha IpsMOii, mapaJsureabaoi R, To 1a rias-
HBIX MOMeHTOB BbiosHsieTcst My = Mo (puc. 12.5).

R A M,
O M,

Pwuc. 12.5
2. Jlys mo6bix aByx To9ek O u A BBINOTHSAETCS

(R, M) = (R, Mo). (12.6)

Omnpenenenune 12.7. Cranspuoe npoussesenne (R, Mo) riasnoro sBexropa R na
riaBHbBI MoMeHT Mo Ha3bpIBaeTcst CKaJIPHBIM WHBAPUAHTOM MHOXKECTBA CKOJIb-
3SIIITHX BEKTOPOB.

Boipazkenue (R, M) uHBapuaHTHO HE TOJIBKO IPH SKBUBAJEHTHBIX PE0OPA30Ba-
HUAX 19 U 23, TaK KaK HHBAPUAHTHBI COMHOXKHUTEJH, HO ¥ IIPU BLIYUCTIEHUH TJIABHOTO
MOMEHTA OTHOCHTEIHHO pa3HbiX Touek O u A.

MO I_IpRMA

Puc. 12.6

3. Ecan nogesmute coornomenue (12.6) va nuBapuantHoe qucsio R — Besnauny
IJIABHOTO BEKTOpA, TO B 00EUX YACTAX IMOJYYUM ITPOEKIMH TJIABHOI'O MOMEHTa Ha
HalpaBJeHNe TJIABHOTO BEKTOPA:

[IprM4 = (R/R, M) = (R/R, Mo) = lIpgMo (12.7)
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— emé OJMH WHBAPUAHT, He MEHSAIONNNACS U TPH SKBUBAJTEHTHBIX TPE0OPA30BAHUIX
¥ 1IPU [epexo/ie oT TOYKHU K Touke (puc. 12.6).

Takum obpazom, npu mnepexoje OT TOYKH K TOUYKE MOYKET U3MEHSIThCS TOJHKO
“rmomepedHast’” COCTABJIAIOIIAS [JIABHOIO MOMEHTA, W, KOI/JA [JIABHBII MOMEHT IIa-
pasnenen riaasaoMmy Bektopy ([R, Mg] = 0), “nonepeunas” cocrapisionias paBHa
HYJTI0, U BeJTMYMHA TJIABHOIO MOMEHTA MUHUMAaJIbHA (puc. 12.6).

Ounpenenenne 12.8. [Ipsmvasi, 1ist rouek B koropoii Beimoasiercest [R, Mp| = 0,
Ha3bIBAETCSI OCBI0 MUHUMAJBHBIX MOMEHTOB H/IH OChbIO BUHTA. Bemmunna vu-
HHUMAaJIbHOI'O 1VIABHOI'O MOMEHTA pPaBHA

1

7R Mo). (12.8)

min Mg =

B
Tepmun — ocb BuHTa — Oyjer moscuHéH masnee. OCh MUHUMAJIBHBIX MOMEHTOB Ia-
pasienbHa TaaBHOMY BeKTOpy R (cBoiicTBO 1), mMOTOMY JOCTATOYHO HAWTH OJIHY
HPUHA/JIEZKAILYIO €if TOYKY. YI00HO UCKaTh TOYKY I3, Jijisi KOTOPOi BBINOJIHSETCS
OB 1 R, O — touka, rimaBabrii MoMenT Mo OTHOCHTETEHO KOTOPOiT W3BECTEH. Y MHO-

wxum Mp = Mo — [OB, R] (em. (12.5)) Bextopro na R, ¢ yuérom [R, Mp| =0 n
OB 1 R mony4dum pe3yabrar:
0= [Ra MB] = [Ra MO] - [R‘a [O_Bv RH = [Rv MO] _O_B<R7 R) + R(R’a O_B) =
= [R7 MO] - O_BR27

U3 KOTOPOro HaxojuTes pactonoxkenne Touku B: OB = [R, Mg]/R?, — u ypasue-
HUE JIJI OCH MUHUMAJIbHBIX MOMEHTOB (OCH BUHTA)

r =

1
73R Mo] + )R, (12.9)
rjie A\ — MNPOU3BOJIHHBII BeliecTBeHHbIN napamerp. B anajguTudeckoit reomerpun u

TEOPETHYECKON MEXaHUKe HCIOJIb3YIOTCS U IPYTHE 110 cpaBHeHnio ¢ (12.9) ypaBHeHust
JIUTst IPSIMO JIMHUY ¥ OCH MUHUMAJbHBIX MOMeHTOB |1, 3, 10, 14].
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§ 13. IIPUBEJIEHVNE MHOKECTBA CKOJIB3AIIINX BEKTOPOB
K BUHTY. 9KBUBAJIEHTHOCTDb ABYX MHO2KECTB
CKOJIB34AIIINX BEKTOPOB

Onpenesienune 13.1. BunToM Ha3blBaeTCst COBOKYIHOCTD: NPsIMasi JIMHUS — OCh
BHHTA; PACIOJIOKEeHHBIH Ha OCH CKOJIb3s1uii BekTop R; pacmosioyxkenHpIii Ha ocn Mo-
menT Mp orHOcuTesibHO TOYKH B ocu BuHTa. MOMEHT MOXKeT ObITH IIPEICTABJIEH
1mapoii, JiezKaleii B mepreHAKY/ISIpHOH K OCH BHHTA IJIOCKOCTH. Ecm s1emenTH a;
— YTJIOBBIE CKOPOCTH, TOBOPST KWHEMATUIECKUN BUHT, 3JIEMEHTH ; — CHJBI, TO-
BOpSIT CTATUYECKUIN BUHT.

[TokazkeM, 9TO HPOM3BOJILHOE MHOKECTBO CKOML3AIMMX BEKTOPOB {a;}, i = 1, N,
IOCJIE0BATEIbHOCTHIO, COCTOAIIEH U3 BBEJIEHHBIX B § 12 9KBUBAJEHTHBIX IIPeodpa-
30BaHug 13 m 29, mpuBoaUTCA K BUHTY. [ljIst MHOXKeCTBa {a;}, | = 1, N, no dop-
myaam (12.1) u (12.4) Beraucasiiorest riaBHblii BekTop R u rasubiii Moment Mo
orHOCUTEbHO HeKOTOpoil Toukn O. Ilpemmonaraerca R # 0, npu R = 0 BunT He
onpeesén. Bekropsr R, Mo u rouka O 110 dopmyiie (12.9) oaHO3HAYHO 3a/1a10T OCh
MHUHHMAJIbHBIX MOMeHTOB (12.9) — ock BunTa (oupenesenue 12.8). Bosbmém mexo-
TOPYIO TOUYKY B Ha OCH BUHTa W KasK/pli sj1eMent a; Muoxecrsa {a;}, i = 1, N,
9KBUBAJIEHTHO TIpeoOpasyem (puc. 13.1): mobaBum K Touke B BeKTOpHBIH Hysib {a;,

—a;}.

VNS,

o/~ F +inapa)

Puc. 13.1

ay + {napbl}

Puc. 13.2

DJIeMEeHT @; 9KBUBAJEHTHO IPEJICTABUTCS B BHIE BEKTOPA @;, OTJIOKEHHOI'O U3 TOY-
ku B ocu BunTa, wmoc napa {a;, —a;} ¢ momentom M (MOMeHT napbt — ¢BOOOHbI
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BeKTOD, 3amMevanne 12.2). TIpojiesiaB 3Ty OMEpaIiio O BCEME SJIEMEHTAME a; MHOYKe-
crsa {a;}, 1 = 1, N, 5KBUBaJICHTHO IPeOGPa3yeM MHOXKECTBO {a;} B Ily4OK BEKTOPOB
a;, OTJIOKEHHBIX M3 TOYKM B 0CM BHHTA, IJIIOC COBOKYNMHOCTHL Tap {a;, —a;} ¢ Mo-
MeHTaMu M* (puc. 13.2). IIy4oK BEeKTOPOB &;, OTJIOKEHHBIX U3 TOYKH B, 3aMeHnM

MX BEKTOPHOII cymMmoil (mpeobpasoBanue 23). Pe3yabrar cI0XKeHUs PaBeH MO Ompe-
N

genennto 12.2 rnasaomy Bektopy R = > a;. OTmernm, 910 B JAHHOM CJIydae 3TO
i=1

BEKTOD, NMPUJIOKEHHBIH K TOYKe B W HalpaBJeHHBI M0 och BHHTA (ONpeesienne

12.8). BkJiaj map B IVIABHBIH MOMEHT — HYJIEBOIL.

[Ipuseném Ba pesyibrarta u3 Teopuu nap [14].

Teopema 13.1. lmeer MecTo 5KBHBAJEHTHOCTD:
{Or maper {a, —a} k mape {b, —b} cymecrByer mepexon
[IPH ITOMOIIH SKBUBAJICHTHBIX 1peobpazopanmii 19 n 23 § 12.}
)
{Momentor M' u M?, coorsercrByiomue napam {a, —a} u {b, —b},
cosnagaror: M' = M? = M}
Ll YTBep:kaenue || ciaemayeT w3 MHBAPHAHTHOCTU IJTABHOTO MOMEHTA MPU Mpeobpazo-
BaHUAX 13 U 23. YTBepkIaeHue {} eCThb CJeJICTBHE TPEX BCIOMOTATEJbHBIX (DAKTOB:
LIPU HOMOIIM SKBUBAJEHTHBIX 11peodbpa3oBanuil 15 u 23 MOXKHO
1. noBepHyTh Mapy B CBOEH IJIOCKOCTH;
2. I3MEHUTH IJIeY0 HAPHI;
3. mepeHecTH mapy B MapaslIeIbHYIO IJI0CKOCTD.
ObocHoBanue 3TuX HaKTOB U JOKA3ATETHCTBO YTBEPK/ICHHUS ) IPEIOCTABISIETCS U~
raremio (eum. [14]). B

Puc. 13.3

Teopema 13.2. /IBe naps ¢ momenTama M 1 M? yMoxkHO S5KBHBAJTEHTHO 3aMEHHTH
oxmoit mapoii ¢ Mmomertom M = M! + M2,

[J Bo3bMéM Ha JIMHAH, TTepIeHIIKyIapHoi oqrospeMenno M! u M2, nse Toukn A, B
u B cmty Teopembl 13.1 cietaemM B MCXOMHBIX TIapax TaKOil IKBUBAJEHTHBIN Iepexo/]
k napam {a, —a}, {b, —b}, uToGw ssemenTsr nap a, b GbLIM TPUIOKEHBI K TOUYKE
A, a snementsr —a, —b — x Touke B (puc. 13.3): M! = [AB, a], M? = [AB, b.
CitoxkeHre IBYX BEKTOPOB, IMPIJIOXKEHHBIX K TOUKe A, U JBYX BEKTOPOB — K TOYKE

48



B, nmpusonur K I/ICKO_MOI71 nape: Jiig TIABHOTO MOMEHTa BBIITOTHACTCA
M = M!+ M? = [AB, a] + [AB, b| = [AB, a+b] = [AB, c|. &

Teopema 13.2 mo3BojisieT BBIYUCAWTH IJIABHBI MOMEHT OTHOCHUTEJILHO TOYKU I3:
N

Mp = > M'. BkiaJ BEKTOPOB @;, IPUJIOKEHHBIX K TOYKE BB, B IJIABHBIH MOMEHT
i=1

Mp nyseBoii. I'yiaBubiit MomenT Mp — nnBapuant npeobpaszoBanuii 13, 29 u, Tak

KaK TOYKa [ MPUHAJIEXKUT OCU BUHTA, 1O onpejenennio 12.6 sekrop Mp namnpas-
JIeH IO 9TOi OCH U IpPeJICTaBUM B BHJe Hapbl (puc. 13.2).

[IpoBeaénnbie paccyKAeHNs JA0T BO3MOYKHBIM CUYUTATH JOKA3aHHBIM CJIELy IO
pe3yabTaT.

Teopema 13.3. Jl060e MHOKECTBO CKOJIB3SIIIAX BEKTOPOB (ompegesenme 12.1) sk-
BHBaJIeHTHO (ompejenenne 12.2) puaty (ompeaenenne 13.1).

AJITOpUTM TIpUBEJEHWS MHOYKECTBA CKOJIB3SATINX BEKTOPOB {a;}, i = 1, N,
K BHHTY.

1. ITo dopmynam (12.1) u (12.4) BeIUHCTAAIOTCS TIABHBI BeKTOp R ¥ riaBHbBII
moment Mo ornocuTebHO HeKOTOPOit Touku O:

N N

R=) a, Mp=) [00;aj, (13.1)

i=1 i=1

rie O; — TouKa HpuaokeHus BekTopa a;. [Ipm R = 0 BuHT He omnpemesén.
2. TIpu R # 0 dbopmyna (12.9) oHO3HATHO 3312ET OCH MUHUMAJIBHBIX MOMEHTOB
— ochb BuHTa (onpejesenne 12.8):

1
r = —[R. Mo + AR, (13.2)

rjie A — MPOW3BOJIHHBII BEIEeCTBEHHBINH MapaMeTp.
3. K npoussoabHoil Touke B 0cu BUHTA MPUKJIAIBIBACTCA BEKTOD, PABHBII TIaB-
HOMY BekTOpy R, u MoMmeHT, paBHbiii BekTOpY (cM. (12.8))

(Ra MO)

Mps = 7

R. (13.3)

MomentT Mp MoxkHO 3amMeHuTH Hapoil {a, —a}, MoMmeHT KoTopoii paBed Mp (puc.
13.2).

[Ipumepsl npuUBe/IeHUST MHOYKECTBA, CKOJIB3IIUX BEKTOPOB K BUHTY Oy/IyT PacCMOT-
penbr B § 14.

Cdopmymupyem u J0KazkeM pe3ysbTraT 00 IKBHBAJEHTHOCTH IO ONpeeseHuio 12.2
ABYX MHOXKECTB CKOJIb34IIIUX BEKTOPOB.

Teopema 13.4.
{/TBa muOzkecTBa ckonb3sunx Bektopos {a;} u {b;} sxBuBasenTHbI. }

0
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{MmuozxecrBa {a;} u {b;} umeror oqurarossie riaasublii BekTOop R
u ruaBablii MovenT Mo orHOcHTe IbHO Kakoi-an6yas Toukn O.}

0 VrBepxkgenue |} ciaeayer u3 onpegesnenus 12.2 SkBUBaJEHTHOCTH U (HaKTa WHBA-
puanTHocTH BeKTOpoB R 1 M nipu skBuBajieHTHBIX TTpeodpa3zoBanusx 13 u 23. s
obocHOBaHUS yTBEPXKIAeHUS ) 3aMeTuM, 9To coBnajgenne BeKTopoB R u Mo Biaeuér
COBIAJIEHHE COOTBETCTBYIONIMX MHOKECTBAM BUHTOB (CM. AJTOPUTM), & MPUBE/IEHNE
K BUHTY OOpaTUMO, TaK KaK oOGpaTHMbl mpeobpasoBanus 19 u 25. [Tepexon ot {a;}
k {b;} 3r0 coBokynmnocTh npeobpazosanuit: or {a;} K BuUHTY u 0T OOIIEro0 BUHTA K

{b;}. &
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§ 14. CTATUKO-KNHEMATNYECKUE AHAJIOT'UN.
ITPUMEPBI ITPUBE/IEHNA K BUHTY

DKBUBAJIEHTHBIM MpeobpasoBanusaM 15 u 23 (§ 12) — nobasiieHne U U3bIATHE BEK-
TOPHOT'O HYJIS, CIOXKEHHe U Pa3/IoyKeHHe BEeKTOPOB C 00Ieil HavaaIbHOH TOUKOH —
HEKOTOpbIe (pusndeckre 00beKThl MOXKHO I10J[BepraThb, a HeKoTopbie HeT. [lojioxu-
TeJIbHBI (KHHeMaTHdeckuit) mpuMep Obll TpUBeAEH B § 11: CKOJIb YTOIHO CJIOXKHOE
JBIZKEHNEe TBEPIOTO Tejia — 3TO (¢ TOYKH 3PEHHsI PACIpeNeseHns CKOpocTeil) oji-
HOBpPEMEHHOEe y9acTHe BO MHOTUX YHCTBIX BPAIIEHUSX C YTJIOBBLIMU CKODOCTSIIMH W .
B § 11 66110 060CHOBAHO, UTO K MHOKECTBY {w;} MOXKHO MPUMEHSATH SKBUBATEHT-
Hble npeobpazoBanus 15 u 235. Em@ oqun nosoxureabublii npumep (crarudeckuii):
MHOZKECTBO CHJI, JIeHCTBYIONMX HA TBEPoe Testo. [loBeenue Tesa moJiHOCTHIO Ornpe-
JleJIEHO TJIaBHBIM BeKTOpOM cuil (§ 16, 3aKOH JBUIKEHUsT EHTPA MacC) W TJIABHBIM
MoMmeHTOM cual (§ 17, 3aKOH M3MEHEHHsI MOMEHTA KOJMYECTBA JIBUYKEHUS U OJTHA
3 HopM 3aKOHA — JUHAMHYECKHE ypaBHeHus Ditnepa, § 32). Oba BekTopa (rias-
HbI{T BEKTOD ¥ IVIABHBIH MOMEHT) DU 9KBUBAJIECHTHBIX [Peobpa3oBanusx 19 u 25 He
MEHAITCAd, HTO3ITOMY MHO2KECTBO CHUJI MOXKHO 9THUM HpeO6pa3OBaHI/IHM nmoasepraTb.
Orpunare/ibHBIT TPUMED: JIBe W30JIMPOBAHHBIE MaTepHaJbHbie TOYKHU. [Ipu oTcyT-
CTBUU CHJI KazK/[asl TOUKa [ePEMeIaeTcs ¢ MOCTOSHHON cKopocThio (§ 15). Eciu xe k
TOYKAM MpuMeHuTh BeKTopHbiil Hyib {F, —F}, cocraBnennstit u3 aByx cui, npuaém,
cuna F mpunoxkena K ogHoit Touke, a cuna —F K npyroii, To ckopocT To4eK OyayT
MeHATbCA, TO-ECTh, ,ZLO6aBJIeHI/Ie BEKTOPHOI'O HYJIA MeHAeT IMOoBeJeHue CUCTEMDbI.

[IpuHaAIeKHOCTD YIVIOBBIX CKOPOCTeNl B CJOYKHOM JIBUKEHHH U CHJI, TEeUCTBY-
IOMUX Ha TBEPJOE TeJO, K CKOJB3ANUM BEKTOpaM MTaéT BO3MOXKHOCTH abCTparu-
POBATBHCA OT (DU3UUECKOI CYITHOCTH OOBEKTOB U HCIOJIH30BATH TEOPHUIO CKOTb3s-
HUX BEKTOPOB, Pa3BUTYIO B IIPeJbLAyIINX Haparpadax, ¢ mepeHocoM I0J1y YeHHbIX
pe3yJIbTaTOB C YIVIOBBIX CKOpPOCTell Ha cujibl U 00paTHO. B 3TOM M 3ak/iovaercs
CTAaTUKO-KNHEMATNYECKAAd AHAJIOTHA. B O6OI/IX CJIydadX MHOXKEeCTBO BEKTOPOB IIpU-
BOJIUTCS K BUHTY.

Tabauma 14.1

R Mo | (R,Mp) Kunemaruka Craruka
0 #0 [TocTymarenbHOe TBUKEHUE [Tapa cun
#0 0 Yucroe BpalleHue PaBuogeiicTBy1omas
#0 KunemaTtndecknit BUHT CraTruveckuit BUHT
0 0 [Tokoii Pasnosecne

B tabsnie 14.1 npejicraBieHo, Kak pe3y/abTaT HPUBEJICHUsS K BUHTY WHTEPIIPETUPY-
eTcs B 3aBUCHMOCTH OT HHBApUaHTOB — BeKTOpHBIX R, Mo u ckangpuoro (R, Mp)
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— B kuHemaTuke (R — yrioBag ckopoctb, Mo — ckopocth Touku O, 3aMedaHue
12.1) n B craruke (R — cmia, Mo — Moment cuist).

[IpuBeném aBa mpuMepa TPUBEIEHUS] K BUHTY — KHHEMATHYECKWIl U CTATHIe-
ckuii. B o6oux npumepax soimonnserca (R, Mp) # 0, To ecrb, 10 Tabuauue 14.1
Pe3yJIbTAT MPUBEIeHH — MOJTHONEeHHBI BHHT.

IIpumep 14.1 [12, 3agaua 4.48]. B oproHopmupoBanHOoM Gasuce iy, i, i3 (§ 2)
samanbl ckopoctn Va4 = v(ip +1i3), Vg = v(iy + i3), Vo = —viz Touek A, B, C:
r4 = aiy, rg = aiy, r¢ = aiz, — TBEépmoro Teaa. Haiitn KuHeMaTHYeCKuii BUHT.

13 dopmyuibr (4.10) 1 gaHHBIX 334490 CJIELYeT:

VB:VA+[W, E], [w, AB]:O (VA:VB),
w = kﬁ = ]{?(I'B — I'A) = l{?a(ig — il)

oacranoska w B hopmyay Vo = Va+[w, AC] (AC = rc—T4) UPHBOAUT K PE3YJib-
taram: k = —v/a? w = (i; —iz)v/a. Tlo dpopmysie (4.10) BoIUHCAsIETCS CKOPOCTH Ha-
qampHoil Toukn O 6asuca: Vo = V4 + [w, AO| = viy, (AO = —r4 = —ai,). Cneaysa
samevannio 12.1, mpuHEMaeM B KadecTBe TaBHOro BekTopa R = w = (i; — iy)v/a,
raBHOro MomMeHTa Mo = Vo = viy u ucnoib3yeM ajaropuTM IpuBeIeHUs K BUHTY
§ 13. ®opmy.a (13.2) 3amaér och BUHTA:

1
r= E[R, Mo + AR = a(Ai; — Ay +1i3/2).
[Tpoeknuss hopMy/IBI HA HAIPABIEHUS OPTOB: T3 = AG, T3 = —Aa, T3 = a/2, —u
HUCKJIIOYE€HUE ITapaMeTpa /\ IIPpUBOAUT K 6OJIee IIOHATHOMY IIpeACTaBJICHUIO OCU BUHTA
xr1+x9 = 0, z3 = a/2. Ha ocu BuHTa pacro/jaralorcs rjaBHbiii BekTop R u riaBHbi

moment (cM. (13.3)) M:
R:w:(il—ig)v/a, M:V:(lg—ll)v/z

Teno, Kak raiika Ipn HAKPYYMBAHUHM Ha BHHT, HePEMENIACTCA BIOJIL OCH BHHTA CO
ckopoctbio V = M| = v/+/2 u BpamaeTcs BOKPYT OCH BUHTA C yIJIOBO# CKOPOCTHIO

w = |R| = vv2/a.

ITpumep 14.2 [11, 3amaua 7.12]. B oproHopmupoBanuoM Gasuce iy, ip, i3 (i3 —
HaNpaBJIeHue OT MeHTpa 3eMJIn) Ha pajuomMaury jefictByior: cuia seca G = —G i3,
cua HaTsKeHust aHTeHHbI F = F'iy m paBHOAEHCTBYIOIAs CHJI JAaBICHUS BETPA
P = Pi;. Cunabl npuiokenbl K Toukam: rg = li3, rp = His, rp = hiz. Haiitun
CTATUYCCKUN BUHT.

Crenys anropurmy § 13, Beraucisiem 1o dhopmynam (13.1) riuasustii BekTop R u
raaBHBI MOMeHT M oTHOCHTENbHO HadaabHO# Toukn O Gasuca:

R = Pi, + Fi, — Giz, Mo = —FH i, + Phi,.
JaJjiee BbIYHUC/IsIEM BCIIOMOTaTe/IbHbIE 00 beKThI

R*=P*+F*+G* (R,Myp) = PF(h—H),
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R, My| = PGhi, + FGhiy + (P*h + F*H) i3
u 110 dopmyste (13.2) och BuHTA

_ PGhiy + FGhis + (P*h + F2H)jiy

' PP+

+A(Pi + Fiy — Gis).

[Ipoexius hopMy/Ibl HA HALPABIEHHsI OPTOB W NPUPABHUBAHUE HYJIO KOODJINHATHI
x3 npusoaut K pesyibrary A = (P?h + F?H)/{G(P? + F? + G?)} u x Toukxe nepe-
CEUeHUsI OCHI0 BUHTA IJIOCKOCTH {X7, Tg}:

P(P*h + F?H + G?h) o F(P*h+ F?H + G*H)
GP2+F2+G?) ° ' GPP+F2+G?)

T = ngZO,

a HampapJeHueM ocu BuHTa gBasercs R = Pi; + Fiy — G i3 (apyroe npejcraBienne
ocu BuHTa). Ha ocn BuHTA pacnosaraiorcs: cuia — riaBHblii BekTop R n Moment
M mapst (em. (13.3)) ¢ Besmannamu

R=VP2+F2+G2, M= PR(h—H)
VP2 + F2 1+ G?
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“HoroTom, mpoctn MeHs! B TBO& BpeMms THI HAIIET TOT
€IMHCTBEHHBIA IyTh, KOTOPbBIH ObLI NPEIEJIOM BO3MOXKHO-
ro Ajid 4ejI0BEKa BEeJIMYAMINero yMa U TBOPYECKOR CHIIBL...
Ilycts HuKTO He Jaymaer, 4To BesjuKoe cozjanue Hpioro-
Ha MOKeT HBITh HUCIIPOBEPIHYTO TEOPHUEH OTHOCUTETBHOCTH
WA KaKOW-HUOYIb JPYToit Teopueii. JlcHbIE U IITUPOKUE UIEH
Hurorona naBedno coxpanar cBoé 3uadenune QyHIaMEHTA, HA
KOTOPOM MTOCTPOEHBI HAIITKA COBPEMEHHBIE (DU3UIECKUE TTPEI-

craBjacHUS .

A. Ditamrreitn. Cobpamue HayIHBIX TPyHoB, T. [V. M., n3n-80
“Hayxka”, 1967. C. 270.

INHAMUKA

['JTABA 5

OCHOBHBIE SAKOHbBI /IMTHAMUKU B
NMHEPIINAJIBHBIX 1 HEMHEPIINAJIbHBIX

CUCTEMAX OTCYETA

§ 15. IUHAMUNKA MATEPUAJIbBHON TOYKUN

BBeném ocHOBHBIE TIOHATHSI.

MarepuajabHag TOYKa — I'eoMeTpuYecKasi TOYKa, KOTOPOil 1MOCTaBIEHO B COOT-
BETCTBHE TOJOKATEIbHOe YnCa0 m (Macca), He MeHSIOIEeecsi BO BPeMsT JIBUKEHUST
(ompezenenne 1.1). CocTossHMEe MaTE€pUATbHON TOYKM: €€ TOJOKEHHe I' U CKO-
poctb V.

N3omupoBanHag marepuaibHasg TOYKA — TOYKA, HE B3aUMOJIEHCTBYIOIAA C
JAPyIruMHU TOYKAMU.

NuaepnimanbHag cucTeMa OTCUETA — CHCTEMA, B KOTOPOil N30/ IMpOBaHHAS MaTe-
puabHas TOYKA JBHYKETCsI € MOCTOSTHHOI CKOpocThio: V = T = const (mepBbIit
3akoH HproToHa).

MmnoyascoM — KOJMMYECTBOM JABU2KEHUHA — TOYKM HA3BIBAETCS BBIpayKeHUE
Q =mV =mr.

[To nepBomy 3akony HploTOHA AJig M30IMPOBAHHOW TOYKHN B WHEPIINMAJTIbHOIM
CUCTEME OTCUETA BHITOJIHSIETCS

Q = mV = mr = const.
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Y HEeM30JMPOBAHHON TOYKWN B MHEPHHUAJIBHOUN CHUCTEME OTCUETA UMITYIbC U3~
MEHSETCH.

Cuunoit F, neiicrBytomieii Ha HEM30JMPOBAHHYIO TOYKY (MepOil B3anMOJeHCTBUS ¢
JPYTUMH TOYKAMHU) HA3BIBAETCS MPOM3BOJHAS OT UMILY/IbCA 110 BpeMeHH ¢ (BTOPOIA
3akoH HproTona):

Q=mV =mW =mi =F(t, r, ). (15.1)

B #HBI0TOHOBO#I KOHEYHOMEPHOI MeXaHUKe MpernoaraeTcs, YTO CHIa MOZKeT 3aBH-
CeTh TOJBKO OT YKa3aHHBIX apryMeHTOB: BpeMeHN! ¢ U COCTOSTHUS TOUYKU — TOJIOZKe-
Hust T U ckopoctu V = r. Jlamee niug kpaTkocTu ypapuenue (15.1) Gymer uMeno-
BaThcs ypaBHeHue HpioToHA.

PaccmorpuM HEM30/IMPOBAHHYIO TOYKY B HEMHEPIMAJIBHOII CUCTEME OTCUE-
ta. Eciu dopmyry (7.10) 1y1s yeKoOpeHusl B MOJABUKHON CHCTEMe YMHOXKHUTH HA Mac-
cy m, ¢ yaérom (15.1) mosryunm cOOTHOIIEHUE

MW e = MW = mWpe, + mW i +mWy,, =F,

13 KOTOPOIi CJIe/lyer, KaK HyKHO HOJAIPAaBUTh BTopoii 3akoH Hbrorona (15.1), urobet
OH paboTas B IPOU3BOJILHOl (MOABUKHON, HEMHEPIUAIBHOI) cHCTeMe OTCYETA:

MWy = F + Jpep + Jxop - (15.2)
Beesienbr obo3HaveHus 1710 IIEPEHOCHO M KOPUOJIMCOBOI CUJI MHEPIIUN:
Joep = =MW ep, Jxop = —mMWiop = —2mWoep, Vo], (15.3)
(em. (7.9)).

IMpumep 15.1. Cucrema KOOpAWHAT BPAIIAETCST BOKPYT CBOeil BePTUKAILHOI och
€3 C yIJI0Boil CKOpocThio w(t) = w(t)es. MarepuaibHas TOYKA MOXKET MEPeMeIaTh-
sl BJIOJIb OCH €g: T' = yey (puc. 15.1). Tlpu JBUKEHUN TOYKA HCIBITHIBAET TPEHUE
CKOJIbKeHust ¢ Koy duienrom Tperus f. CocraBuTh ypaBHEHUE JIBUKEHUS TOYKH.

le, N
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Puc. 15.1
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[Ipu mepexo/ie B MOJBUKHYIO CHCTEMY BBOJIATCSI Cutbl wHeprnu (M. (15.3)):
J1P = WP = WP — g WP = JIP 1 J7P — mu?(t)yey + mw(t)ye,

JKop — _mWKOp — _Qm[wnep7 VOTH] — 2mw(t>ye1

(em. cnocky Ha crp. 29). Ha Touky jeficTBYIOT cujia TpPEHUs] CKOJIbZKEHHsI
F = —Feysigny, cuna tsxkectn G = —mges n nopmasbHas peakiust N (puc.
15.1). Ipoekunsi ypasuenusi Hetorona (15.1) Ha och € NMPUBOANT K ypPABHEHHIO
mij = mw?(t)y — F. Jlna sesnuunbl F cuibl Tpenus Bbimosnserca F = fN, f
— KO3 (DUIUEHT TPeHnus CKOJbKeHns, N — BeJIndnHa HOpMaabHO#l peakiuu. [lis
BBIYHC/IeHHsT HOpMaJIbHOIT peakiuu IN ciupoektupyem ypasaenue Hpiorona (15.1) na
IJIOCKOCTH {€1, €3}:

0=N+ G+ J¥ + J*P =N — mgez + mw(t)ye; + 2mw(t)ye;.

] IIOJIYYE€HHOI'O ypaBHEHHA HaAXOAUTCA HOPMaJibHad pPeaKI[HUA N u eé Besumumna

2
N = \/ng2 + (md)(t)y - 2mw(t)g)> . [To dynkum N BLIUACIAETCA BEJINYUHA CH-

JIBI TpeHud, TMOJICTAHOBKA KOTOPOiHl B ypaBHeHme HbIOTOHA mMocie COKpalleHus Ha
Maccy m MPUBOJAUT K OKOHUYATEJTHLHOMY BUJY YpPAaBHEHUS JIBUKEHUS TOUKU:

i =Wty - M ¢+ (6(0)y +20(1)3) signy

— HeJIMHEHHOMY HecTallmoOHAPHOMY OObIKHOBEHHOMY ud depeHImaaibHOMy ypaBHe-
HUIO BTOPOI'O MOPAAKa C Pa3PbIBHON MPaBOi 4aCThIO.
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§ 16. CUICTEMA MATEPUNAJIbHBIX TOYEK.
3AKOH NSMEHEHU{ NMITVJIBCA

Cucrema cocrout u3 N marepnanbubix Touek (puc. 16.1). Cumisl B3aumoeiicTBust
MeXKy JBYMS TOUYKAMH, IPUHAIEKANUMEI CACTEMe, Ha3bIBAIOTCI BHY TPEHHUMU
¥ [IPEJICTABIISIOT COO0il BeKTOPHBI Hyb: 1Ba BeKTOPA {F 4nyrp, —Fsnyrp b, pacmomo-
2KeHHBIE HA OJHON ITpAMON (TpeTnﬁ 3aKOH HBIOTOH&). Cunsl Fuemy, IelicTBYIO-
e Ha TOYKH, IIPUHA/JIEKAIINE CUCTEeMe, U BbI3BAHHbIE B3AUMO/IEHCTBHEM C TOYKA-
MU, He TIPUHA/JIEKAIIMME CHCTEeMe, Ha3hIBAIOTCsI BHEIITHUMMU.

_FBHyTp

FBHyTp

Puc. 16.1

Omnpenenenne 16.1. IleHTp MHEPIUM CHCTEMbl MaTePHAJIbHBIX TOYEK BBITHCJISI-
ercs 1o ¢opmy.ie

1 N N
ro = E Zmiri, m = Zml (161)
=1 =1

st TBEpIOro Teyia BMECTO TEePMHUHA ‘“NMEeHTp HHepHuu' YIOTPEOJISeTcss TepMUH
“mreaTp macc”.

leHTp MHEpPIUHU pacioJiaraercd “BHYTPU CHUCTEMbl MAaTePHAJIbHBIX TOUYEK: IPHHA/I-

N
JIEZKUT BBIMYKJIOH 0060JOYKE CHCTEMbI — MHOXKECTBY TOYeK ' = » Ay, A; > 0,
N =1
YA =1 (N = m;/m). TloBeaenue nenTpa MHEPIUK OUPEAEsieT “I0 KPYIHOMY'
ZH:olBeg:LeHI/Ie CHCTEMbI MAaTEPHAJIbHBIX TOYEK.
Onpegenenune 16.2. IMOyabC — KOJUYECTBO ABUXKEHUSA — CHCTEMBI MaTe-
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pHaJbHbIX TOYEK BBIYHCJIAETCA II0 d)OpMyJIe

N N
i=1 i=1

Ummysbe cucrembl — riaBHBI BeKTOD (ompejeenue 12.3) MMIYJIbCOB OTIEIbHBIX

TOYEK — W SIBJISIETCS] CBOOOIHBIM BEKTOPOM (C HEONPeIeJIEHHON TOYKOMW MpHIozKe-
N
uust). 3 (16.1) cnegyer mro = Y m;r;, a nocie audepeHiupoBanust mo BpemMe-
i=1
HU {:
N

N
i=1 i=1
TO €CTb, HMIIYJIbC pearupyeT TOJILKO Ha ABUXKCHHE IMEeHTPpa WHEPIUH:

Q =mVe. (16.4)

Hunddepennnposanne no spemenn t coorHormenus (16.3)

N N
mic =mVe = E m;t; = E m;V; = Q,
=1

i=1

yuér ypasaenust Hprorona (15.1) (mZVz = mi; = Frrem . FrYIP)

N N N
Q=mVe=mW¢g =mic = g m;t; = E m;V,; = E (Fprems 4 Rrayme )
i=1 i=1 i=1

N

1 TOr0 0BCTOATENBLCTBA, UTO “neiicrBue paBuo nporusogeiicrsuo” (Y FI™™ = (),
i=1
IIPUBO/IUT K 3aKOHY M3MEHEHHS UMIYyJIbCA — KOJIMYECTBA JABHXKEHUS — U K

3aKOHY JIBU2KEHUS I€HTPa WHEPIUN

BHEIITH BHEIITH
Q=R , mWe =R , (16.5)
obo3nadeno RP**™ — pjaBHBIIl BEKTOpP BHENIHHUX CHUJI, JEHCTBYIONINX HA CHCTEMY:
N
Rrren = N Frrem™ | Eeqn npoeknmst RE™™ pekrtopa RPP®™ na HekoTOpOe Ha-

npaBJieHIe Z?paBHa HYJIIO, TO MMEIOT MECTO 3aKOH COXPAHEHHWsS NMILYJIbCA —
KOJIMYECTBa JABUXKeHusd: (), = const, — U paBHOMEPHOCTH JIBUKEHUsI B STOM Ha-
IpaBJeHuN NEeHTpa uHepnuu: V, = const.

Ec/jin uMILyJibC U yCKOpeHHe 1eHTPa UHEPIUU M3MEPSIOTCH B HEMHEePIUA/IbHOM
cucremMe OTCYETA, TO HAJIO K KarK/I0il TouKe 106aBuTh cuiibl nuepunu (15.3) u moba-
BUTH B TIpaBbie dacTi 3akoHOB (16.5) riaBuble BekTOphl R™P | R*P mepeHoCHBIX 1
KOPHOJIMCOBBIX CHJI MHepnuu. Borancanm, K npumepy, R*P (cm. (15.3) u (16.3)):

N N
REP = 23 mafo™™, V] = 2™, 3 mi V] = —omfw™, V]
i=1

i=1
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AHasorndyubpie BBIYHCTIEHHS I TJIaBHOrO BekTopa R™P mpHBOAAT K pe3yabTaTy

R = —mW{EP | 10 ecrb, noupasku B 3akonbl (16.5) npu mepexone B HemHep-
MAJILHYIO CUCTEMY KOOPIMHAT PearupyloT TOJIbKO Ha IOBeJeHHe HeHTpa WHePIUH:
REP = —2m[w™®, Vor] R™P = —m WP,
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§ 17. SBAKOH USBMEHEHNA MOMEHTA NMIIVJIBCA.
AVMHAMMKA IIJIOCKOI'O ABUN2KEHW

Omnpenenenne 17.1. MOMEHT UMIIy/IbCA — MOMEHT KOJIMYECTBA JBUXKEHU I,
KUHETUYECKUN MOMEHT — CHCTeMbl MATEePHAJIBHBIX TOYEK OTHOCHTEJIBHO TOYKH
O BbrancJsiercs 1o ¢opmy.ie

N

Ko=) [ri, mVi, (17.1)

i=1
rje BeKTop r; mpoBeién n3 roukn O K MarepHagbHOH TOYKe HOMEp i (cM. ormpese-
Jterne 12.4).

Mowment nvmyibca Ko cncremsr siBiisiercst riiaBHbIM MOMeHTOM (omnpe/eenue 12.5)
IMILYJTbCOB OT/IEIBHBIX TOYEeK U NPHUJIOKeH K Touke (), OTHOCHTEIBHO KOTOPOIl MO-
MEHT HMITyJIbCa BeIYucaseTcs (puc. 17.1).

Puc. 17.1

N3 reopembr 12.1 ciaenyer popmysta nepecuéra MOMEHTA UMITY/IbCA PH TEPEXOJE OT
rouku O K apyroit Touke A (em. (12.5)):

KA = KO - [mu Q]7 (172)
Q — UMIYJILC CUCTEMBI.

Huddepennmpoanue o BpeMenn t coorHomterust (17.1)
N

N
Ko = Z[I‘i, m; V] + Z[% m; Vi,
i=1 i=1
yuér ypasmenust Hpiorona (15.1) (m;V; = Frems L XY™ i hopmyasr ; = V,— Vo
(em. (1.8) u puc. 1.2)

N N
Ko =) [r, B 4 B 43 [V, — Vo, miVi],

i=1 =1
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a TaKzKe TOTr'o O6CTOHT€JILCTB&, YTO OJId MOMEHTOB BHYTPEHHHUX CHJI BBIIIOJTHAETCA
N

> [r;, F7Y™] = 0, npuBouT K 3aKOHY M3MEHEHUs MOMEHTA UMITYJIbCa — MO-
i=1
MEHTA KOJINYECTBA JBUXKEHUSI, KNHETUIECKOrO0 MOMEHTA

Ko = M2 _ [V, V¢ (17.3)

CHCTeMBI MaTepHaIbHBIX TOUeK, obo3HadeHO MZF™ — TIaBHBII MOMEHT BHEIIHUX
N
cu1, JAefCTBYOMUX Ha cucremy: MEEHE = 3 [y, FPHel] y yenoab3oBana hopMmy-
N =1
aa (16.3): > m;V; = mVe (C — nenrp unepuuu cucrembt). OTMETHM JBa IPAKTH-
=1
9eCKH Ba)KZHI)IX caydas, Korja 3akod (17.3) ymporaercs

1. VO = 07 y _ BHEIIH
{2‘ 0 C}:>KO_MO . (17.4)

Ecsin npoexnus MP™™ pexkropa MG na HeKOTOpOe HallpaB/eHUE Z PABHA HY-
Jr0, 70 B curyarun (17.4) umeer MecTo 3aKOH COXpPAHEHUSI MOMEHTA MMITYJIbCA
(MOMeHTa KOJInYecTBa JABUYKEHNS, KHHETHYECKOIO MOMEHTA) — MOMEHTa OT-
HocuTeJbHO ocu z: K, = const.

€,

€

Puc. 17.2

EcJiit CKOpOCTH TOYEK, a 3HAYUT U MOMEHT UMITyJIbca (17.1) u3MepsiioTcst B HeHHepIIu-
AJIBHOM crucTeMe OTCYéTa, TO HAJI0 K KazK/10il Touke 106aBuTh cuiibl nHeprun (15.3)
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¥ 106aBUTH B mpaBble yacTu 3aKoHOB (17.3) u (17.4) rmasubie Momentst M5P, MS”
MEPEHOCHBIX ¥ KOPUOJIMCOBBIX CUJI MHEPIUH.

PaccmorpuM ucrnosib3oBanue HeMHEPIUAJILHOW CUCTEMBbI JIJIsi COCTaBJICHUS JTMHA-
MUYECKUX YPaBHEHUII B IIJIOCKOM ABH>KeHuU. [[10cK0e TBEpI0€e Tero coBepia-
er JIBUZKeHUE B IJIOCKOCTH MOJ JeficTBreM u3BecTHbIX cuit (puc. 17.2). IloxBuKHas
CHCTeMa MepeMeIaeTcs mocTynareabo: w = 0 (ompegenenne 11.1), oxna u3 to-
4YeK IOJBMZKHOI cucrembl coBuajaer ¢ Toukoil O rena. C nmoaBuzKHON cucreMoit
CBsizKeM 0as3uC: OPThI €1, €3 PACIOJIOXKEHbI B ILJIOCKOCTHU JIBUKEHUSI, OPT €3 IMePIIeH-
JIMKYJISIPEH TJIOCKOCTH. Y TJIOBasi CKOPOCTH W TeJIa B TIJIOCKOM JIBUYKEHUN HAIPABJICHA
[0 OPTY €3: W = wes, BeJIMINHA YIJIOBOM CKOPOCTH PaBHA W = (© — MPOU3BO/IHOM 1O
Bpemenu ¢ yria mosopota (npumep 6.1, (6.4), puc. 6.1, puc. 17.2).

B nojiBuzKHOR cucreMe TeJI0 BPAILAETCs BOKPYI' HEILOJIBUZKHON OCU €3 C yIJIOBOI
ckopoctnio (em. (9.4))

OTH

W' =w — W' =w =we3 = Ye; (17.5)

(yareno w"™P = (). B mogBuKHO# cHCTEMe MOMEHT MMITYJIbCA OTHOCHTEHHO HEIo-
nBUKHOM Touku O paBeH:

Ko = g)[ri, m; V| = é\f: mir;, [w, ;] =
=1 =1 (17.6)

N N
=Y mi{w(r;, r;) —riw, )} =w > mir? = lhw,
= i=1

ucnosb3oBana dpopmyaa (11.3), yareno, 4to w L r;, BBejeHO 0603HAYEHHE JIJIsI MO-

N
MenTa uHepruu Iy = > myr?. B moaBHKHOMN cucTeMe BeslegcTBHe w™P

i=1
BesyBo W, P = Wy, m03TOMY /11 TJIABHOTO MOMEHTA TEPEHOCHBIX CHJI HHePIUH
soinosastercst (em. (15.3), (16.1)):

= 0 cmpa-

N N
My =[x, —mWP] = =Y mr;, Wo] = —m[OC, Wol.  (17.7)
=1

%
1=1

Beanepcreue w™P = 0 st 11aBHOIO MOMEHTa KOPHUOJIMCOBBIX CUJI WHEPIIUU BBHITOJI-
usiercst (em. (15.3)):

N N
MG? = [, —mWiP] = =23 mylr;, ™, V] = 0. (17.8)

=1 i=1
[ToxcranoBka coornomenuii (17.6) — (17.8) B 3akon (17.4)
KO _ MJ(—x)HeLUH + Mgep + Mgop
B HEMHEPIHATBHOI CHCTeMe KOOPIUHAT TPUBOIUT K Pe3YIBTATY

Io(;.) = MgHeLUH — m[@, Wo] (179)
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O6parum BHEUMaHEE, YT0 B (opmyae (17.9) yuacrByer He ckopocth Vo Touku O
Tesia, a eé yckopenne W . Ormernm JiBa MPAKTUYECKU BAXKHBIX C/Iydasi, KOT/1a 3aKOH
(17.9) yupormaercs

1. WO = 07 .- BHEIIH
{2. 5 C}:>]Ow—1\/[o . (17.10)

B ckansiprom Buje ypasaenue (17.10) ¢ yuérom (17.5) 3anuceiBaercst cJieLy oM
obpazom: Ipp = Mg Tlocae nobaBiieHns 3aKOHA JIBHKeHUsI leHTpa Mace (16.5),
HAIIPUMED, B MPOEKIUAX HA OPTHI €1, €2, IOJIyYaeTCd HOTHbI HAOOp INHAMUYECKHX
YPaBHEHHU II0CKOTO JIBUKEHU:

mi = RE i = RU [o@ = Mg, (17.11)

e T, Y — JeKapTOBbl KOODJMHATHL IeHTpa Mace (§ 2), P, RPFEME — npoexiuu
[JIABHOTO BEKTOPA BHENIHUX CHJI HA OCH JIEKapTOBOiil cucrembl, Touka O B (17.11)
BeIOpaHa B cooTBeTCTBUN ¢ yeaoBusvu (17.10).
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§ 18. 3AKOH U3MEHEHISI KUHETUYECKON SHEPT U

Onpepnenenne 18.1. Kunernyeckas 3HePTrus CUCTEMBbI BbIYUC/ISIETCS 10 (POP-
MyJIe

| N LN
— 2 _
T = 5 ;1 m; V7 = 3 ;1 mi(Vi, V;). (18.1)

,Z[I/I(b(bepeH.HI/IpOBaHI/Ie (18.1) mo Bpemenu ¢ mpUBOIUT ¢ YUETOM ypaBHeHust HpioTOHA
(15.1) (m;V; = F;) K BbIpakenuro

N N

WS iV, Vi) = 3 (i, Vi) = N (182)

dt 4 :
i=1 i=1

Ob6os3navenne N MOsICHSIET CJIeIyIOIIee

Onpepenenne 18.2. MomuocTs N cuii, JeHCTBYIONAX HA CHCTEMY MaTepHAJIb-
HBIX TOYEK, BBITHCJISIETCSI 110 (hOpMYy.Ie

N
N=> (F;, Vi), (18.3)
=1
e V; — cKOpocTh TOYKH, K KOTOPO#H npujoxerna cuia F;.

Onpenenenne 18.3. Duemenrapuas pabora 0 A cmi, 1efiCTBYIOIIHX HA CHCTEMY
MaTepHaJIbHbIX TOYEK, BbIYUCJISIETCS 110 (DOPpMYJIe

N

i=1
rae dr; — mepeMelrieHHe TOYKH, K KOTOpoii mpuiaoxkeHa cuiaa F;.

Yumuoxkenne (18.2) na dt ¢ yuérom V;dt = dr; u (18.4) npuBoaUT K 3aKOHY M3Me-
HEHUd KWHETUYeCKOil 3Hepruu B audgepeHnuaapHoit dpopme:

dT = SA. (18.5)

[Tycthb cucrema Bpemst ¢ € [t1, to] nepememaercst o mwyru r;(t).

Onpenenenne 18.4. Pa6ora Ay cui va myTn r;(t) cucTeMbl MAaTEPHAIBHBIX TOYEK
3a Bpemsi t € [t1, o] Beruncasiercst no popmyie (em. (18.4))

Apy = /: 5A = /ttf:(F dr;) = /:ZN:(FZ-(t, e(). ¥(1)). Vi(t) )dt. (18.6)

Uurerpuposanue dpopmy.as (18.5) mpusoaur ¢ yuérom (18.6) K 3aKOHY U3MeHeHUst
KMHETUYeCKOll SHepruu B MHTErpajbHoil dopme :

T2 — Tl = Alg. (187)
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Ormernm, uto pabora, KoTopast o 3akonam (18.5) u (18.7) MeHsSeT KHHETHIECKYIO
9HEPIUIO, COBEPIIAETCs HE TOJLKO BHENIHUMHU CHJIAMHU, HO U BHyTpeHHuMU. Hanpu-
Mep, eCJIM IPYKUHY MEKJLY JByMsl IPY3aMU PACTAHYTh U I'PY3bl U3 COCTOSTHUSA TTOKOS
OTIYCTHTD, TO KarK/Jas BHYTPEHHsdS CHIA HAYHET COBEPINATDH MOJOKHUTETbHYIO Da-
60Ty, 1 KHHETHYECKasl SHeprus 1o 3akony (18.7) yBenmanrcs.

Eciin cuiibl, eficTByoOlMe Ha CUCTEMY MATEPHAJIBHBIX TOUEK, PabOThl HE COBED-
maior (Ajp = 0), To KuHeTHUYeCKasi SHeprusi coxpansiercs: B (18.7) Ty = T1 (cwm.
npumep 18.2).

[IpuBeiéM pe3yJIbTaT, HOMOTAIONHI BHIYNCAATE KHHETHIECKYIO SHEPTUIO CHCTEM
MarepuasibHbIX TOUeK. Ecju cucreMa coBepiiaer CJI0KHOE JIBUZKEHHE, TO HOJACTa-
HoBKa ckopocrn V; = VP 4+ Vo™ xaxoit Toukn (cm. (7.7)) B Boipaxenne (18.1)
IPUBOUT K PE3YIbTATY

N N
1
J— — e OTH mep OTH

i=1

Onpenenenne 18.5 [14|. IMoauknas cucrema HaspiBaercs cucremoii Kénura
IPH BBIIOJHEHHUH CJICAYIOUIHX YCIOBUH.
CHCTGM& JABH2KETCA MOCTYyNaTe/IbHO!:

1. w"™ = 0.
Onna n3 touex O MOJABHKHOI CHCTEMBI cOBHagaeT ¢ eHTpoM uHepran C' cHCTeMBI
MaTepua/IbHbIX TOY€K:

2.0=C.

s cucrembr Kénnra cnpasepmuso Vi = Vo u, Kak ciecTBme:

N
1 1
Tne 2 : ‘7nep ‘7Hep ‘72
" 5 i=1 mZ( : , ' ) - §m = (189)

Brraucienne nociaeanero ciaraemoro B (18.8) B cucreme Kénnra ¢ yaérom (16.3) u
V!’ = V¢ npuBogur K BBIBOLY, UTO 3TO cJaraemoe Bejeactsiue VO™ = () paBHO
HYJTIO:

N N
D m(VIP V) = (Ve, Y miVi™) = (Vo, mVE™) =0. (18.10)
=1 i=1

[TonacranoBka pe3ynbraroB (18.9) m (18.10) B dopmyny (18.8) maéT BO3ZMOKHOCTH
CYUTAThb, 4TO JOKa3aHa

Teopema 18.1 (Teopema Kéuura nJig cucremMbl MaTepUAIbHBIX TOYEK ). K-
HeTu4YeCKas dHeprusd CUCTEeMbl MaTepHaJIbHbIX TOY€K DaBHA:

1
T = 5mvg + 7™ (18.11)
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rjge T°™ — kuneTH4eckast sHeprust B cucreMe Kénura (IBUKYIIeHcs IOCTYATETbHO
co ckopocThio V¢ HEHTPa HHEPIHH).

ITpumep 18.1. Boruuc/gnTh KUHETHYECKYIO IHEPTHUIO Tienu Besocutneaa (puc. 18.1).
Ckopoctsb BeJsiocutieia V', Macca nenu m, pajuyc 3ajiHero kojaeca R, pajguyc 3aiHei
mecrepénku 1. Kosiéca karsrcs 0e3 mpocKaJib3bIBaHUSI.

CQV

Puc. 18.1

YraoBast CKOPOCTH 3a/lHEr0 KoJieca U 3ajHeli mecrepénkn pasia w = V/R. Takas
JKe yryioBasi CKOpocThb u B cucreme Kénnra (wP = (). Beaudaunsl ckopocreii Tovek
nenu B cucreme Kénura pasubt Vo™ = wr = Vr/R. Teopema Kénura npusogut K
orsery (cm. (18.11))

1 1 r2 1 R?+1r?
T=-mV?4 -me V2= me T
MYV M 2" e

VQ

Ecnu cucrema MaTepuaabHBIX TOUEK €CTh TBEPIAOE TEI0, JIsI KOTOPOrO M3BECT-
HbI CKOPOCTHh V¢ IEHTPA MACC M yIJIoBasi CKOPOCTh w , 10 B (popmyJie (18.11) kon-
kperusupyercs 1°™. Beaenacrsue w™ = 0 B cucreme Kénura mpoucxouT 4ucToe
Bpaienne (onpezenenne 11.2) ¢ yrioBoii ckopocrbio w®™ = w (puc. 18.2).

Puc. 18.2
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Benmawnna ckopoctn V™ Toukn Tesa B cucteme Kénnra pasna V,°™ = h;w, rae h; —
paccTosiHMe OT TOYKH JI0 JIMHWH, POXO/siieil depe3 mentp mace C napaJsiiesbHo
BekTopy w (puc. 18.2). Kunernueckas sueprust 7°™ B cucreme Kénunra pasua:

T = Zmz (V;rep)? Zmth 2 = 1 w2, (18.12)

N
BBejleHO obozHavenue [, = Y. m;h? 11 MOMeHTa HHepIUH OTHOCHTeJbHO IapaJ-
i=1
JIeJIbHOI BEKTOPY W OCH, IpoXo/dmieii depe3 nentp mMacc C' rerna. [logcranoska pe-
synbraTa (18.12) dopmymy (18.11) maér BO3MOKHOCTD CIHTATH, YTO JOKA3AHA

Teopema 18.2 (treopema Kéuura ngst TBEpaoro tena). Kunerniaeckast SHEPIHsI
TBEPIOIO Teja paBHA:
1 2 1 2
T = imVC + §Iww , (18.13)
e Vo — Besmmuamnaa ckopoctu nearpa macc C reja, w — BeJMIHHA YIJIOBOH CKOPO-
cru Tejia, I, — MOMEHT WHepIHHu Tejia OTHOCHTEIBHO MapaJlaejbHOH BEeKTOPY W OCH,
npoxosiieri gepe3 mearp macc C.

ITpumep 18.2. OxHOpOAHBIT AUCK Macchl m, pajanyca R katurcs 6e3 mpocKaIb3bi-
BaHUsl [I0 TOPU3OHTATBHOMY pesibey (puc. 18.3). HauajibHas CKOPOCTH IEHTPA MaCe
C nmucka papaa Vj. BeIYucmTh CKOpOCTDh MEHTpa MaCC JHCKA Vo IpH JaJbHeiinmemM
JIBUYKEHWH.

Punc. 18.3
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Cuna taxectn G, paBHOIEHCTBYIOIAA KOTOPOil IpmioKeHa B mearpe mace C, pa-
6OTbI He coBepHiaeT, TaK KaK TOYKa IIPUJJIO2KEHU A CUJIbl lepeMellaeTCd IepIlieHIu-
Ky/asipuao custe (cm. (18.4), (18.6)). U3 (18.4) cieayer, 9To u3-3a OTCYTCTBHS IIPO-
ckanb3biBanus (Vp = 0) cuia peakiun F (puc. 18.3), Takzke paboThl He COBEPIIAET:
0A = (F,dr) = (F, Vp)dt = 0, T0 ecTb, B CHJIY 3aKOHA U3MEHEHUs] KUHETHJe-
ckoii suepruu (18.7) KuHeTHUeCKAs SHEPrus JUCKa He MeHsercda. [1o Teopeme 18.2
KHHETUYECKad dHEPpIrud JMCKa paBHaA

2
1 1 1 11 Ve 3
T=-mVi+-Iow®=-mVi+--mR* =) = -mV3

2 Y 2 2 ¢ 22 R 4@
y4TeHo, UTo J1d AUCKa Beinonserca: o = mR?/2, w = Vo /R. Tak Kak npu JBH:Ke-
HUM KMHETUYeCKas SHePIrusi He MeHsiercs: 1’ = %ng = %mvoz, TO CKOPOCTH IEHTPA
MacC JUCKa TaKyKe 0CTAeTcda Hem3MeHHo: Vo = V.
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§ 19. IIOTEHIINAJIBHBIE CUJIbl. 3AKOH N3MEHEHU S
IIOJIHO MEXAHUNYECKOIM SYHEPI'N

[Tost0KeHns MaTepUaIbHBIX TOUEK ONPE/IeeHbl PAINYC BEKTOPaMI Ty, i = 1, V.

Onpexnenenune 19.1. Ecim cunst ¥i(t, vy, ..., ry), aeifictByromue Ha OT/€/bHbIE
MaTrepHaJbHbIe TOYKH, He 3aBHCIT OT CKOPOCTEH TOYeK, I'OBOPST, YTO 3a/aHbI CH-
JIOBBIE IIOJIA.

Onpenenenne 19.2. Cuossie noms Fi(t, ry, ..., ry) (m cowror Fi(t, vy, ..., rN))
HA3BIBAIOTCS TOTEHIUAJIbHBIMU, €CJIH CYI[eCTBYET TaKas CKAJSIpHAas (OyHKIIHS
II(t, rq, ..., ry) — MOTEHIUAJILHAS YHEPTUS, YTO CIPABEJJIUBBI PABEHCTBA

F,(t,ry, ..., rn) = —grad, [I(t, vy, ..., vy) = =V, II(t, r1, ..., TN) (19.1)

(grad, II(t, ry, ..., rN) = ViII(t, 1y, ..., *y) — I'DAAHEHT IIOTEHIHAJIBHON IHED-
run [13, § 26, § 55| 1m0 mepeMeHHBIM, COOTBETCTBYIOUIHM PAJHYC—BEKTODY T;, HDH
¢bukcnpoanubix apyrux mepemennbix). Cumossie most ¥i(ry, ..., ry) (0 crrsr
Fi(ry, ..., ry)) Ha3bIBaOTCS CTAMOHAPHO MMOTEHIMAJIBLHBIMU, eCaH CHIbl F;
H MOTeHIua bHAs SHeprus I He 3aBHCIT SIBHO OT BpEMeHH t:

Fi(ry, ..., rn) = —grad,JI(ry, ..., vn) = =V, I (ry, ..., TN).

@yuknus U = —I1 na3piBaeTcs cniaoBoil pyHKITHEH.

[IycTh B cucremMe OTCYETa BBEJEHBI EKAPTOBBI KOOpAUHATHI (§ 2):

3

3 3
k=1 k=1

k=1

3
Oupegenenne (19.1) morennuanbuoii cunst F; = Y Firix B JeKapTOBBIX KOOPIMHA-
k=1
TaxX 3AMHUCHIBACTCS CJeyonmM obpasom [13, § 26, § 55|:

_oI(t, :c)

19.
Do (19.3)

Boruucienue sieMeHTapHoii paborst 0 A norennuanpubix cuia F; ¢ yaérom (18.4),
(19.2), (19.3) UPUBOIUT K CJICAYIONIEMY DE3YJIBTATY:

A = Z(Fz, dr;) =

3
=22 Pl o)dois = ZZM” o= i, 2) + T g

ox
i=1 k=1 i=1 k=1 ik
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3
Jng crarmuonapuo noreHnuaibubix cui F;(z) = > Fip(x)iy smementapuast pabora

A — nosmwiit quddepennuan norennuanbuoit sueprun 11 (x):

0A = Z(FZ, dr;) =
N (19.4)

:ZZFM r)dzi), = — ZZ 8 - dlb“zk —dII(z).

i=1 k=1 =1 k=1

Teopema 19.1. ITycrs cuibt Fi(rq, ..., r'n) 3aBHCSIT TOJIBKO OT MOJIOXKEHHI TOUEK.
HNmeer mecTo 3KBHBAJIGHTHOCTH Y TBEPKICHUIT
{Cumbr Fi(ry, ..., ry) cranmmoHapHO MOTEHIIHAIBHBI. }

)

{Dnemenrapuas pabora cur Fi(ry, ..., ry) — morrstii quchdepenmuan. }

[] /lokazaTenbcTBa |} OBLIO IPOBEIEHO B JIEKAPTOBBIX KOOPAUHATAX IpH 00OCHOBA-
aun popmyist (19.4). Tng jokasarenbeTBa f} HYKHO PACKPBITH TMOJTHbIH udde-
pernuan dII(x) u B paBencrse aByx audddepenunanbubix dopm (cm. (19.4))

npupaBasaTh K03hdunuents! npu guddepennuaiax dr;, OT HE3ABUCUMBIX [T€PEMEH-
HBIX Z; k. [losydennoe pasencTso (19.3) 9KBUBAJEHTHO B JEKAPTOBBIX KOODAMHATAX
omnpeesiernto 19.2 norennmanpaoctr. M

Onpenenenune 19.3. Cucrema mMarepuajabHBIX TOYEK HA3BIBAETCST KOHCEPBATHUB-
HOM, ecjii CHJIBI, JeHCTBYIOIIAEe HA CHCTEMY, — CTaI[HOHAPHO TTOTEHIIHATHHEI.

Onpenenenne 19.4. Ilornas mMmexanmdyeckasa dHeprud [ cucrembl MaTepuaJib-
HBIX TOYEK BBITHCISIETCS 110 (POPMY.JIe

E=T+1I (19.5)

— CyMMa KHHETHYECKOH U MOTEHIIHAJIbHONH SHEeprui.

Teopema 19.2 (3aKOH cOXpaHeHUsl HOJIHON MexaHWYecKoil sueprun). [loJ-
Has MexaHmieckas sHeprus E KoHcepBaTHBHOI CHCTeMBI COXpAHSCTCS BO BPEM:
JIBHYKCHHS:

E =T + II = const. (19.6)
O 3akoH u3MeHeHUsI KHHETHYECKOl sHepruu B auddepentuanbuoii dhopme (18.5)
(dT" = 0A) nmnst KOHCepBATHBHOI cmcreMbl ¢ yuéroMm (19.4) mpuHHUMAeT BHI:
dT = —dII. Nurerpuposanue Ha mytu r;(t) Bpemst t € [t1, o] npuBOAUT K 3aKOHY W3-

MeHeHWsI KHHETHYeCKOW 9SHepruum B uHTerpaibHoit dopme (em. (18.7)):
Ty, —T) = II, — II5. 910 paBeHCTBO, 3anucantoe uHade Fy = To+ 1, =T+ 11, = F;,
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nokaseiBaeT yreepxenue (19.6) reopevpr. W

ITpumep 19.1. Oupenenénnas B JeKapTOBBIX KOOPJAUHATAX CHIA

F = axz®y"i + ba"y'j + Ok

(a, a, B, b, k, | — BemecTBeHHBIE MAPAMETPHI) TTOTEHINATIBHA, €CJIH ¢ HEKOTOPOIl
dbyuknueit I1(x, y, z) Beinoansiiorest paencrsa (19.3):

oIl
o=ty o=y, - =0

ox Jy 0z

or , om

YcJI0BHSI MHTEIPUPYEMOCTH TTPUBOISAT K PE3YJIbTATY

0*I1
0zxdy

= —afBzy’ ! = —bka* 1y,

KOTOPBIN JIOJIZKEH BBIMOJHATHCS TOXKIECTBEHHO 10 MEepeMeHHbIM & u Y. [IpupaBHu-
BaHne KO3(PUIMEHTOB U MOKa3aTe/ el CTeeHn onpeessietT Tpu ycaosus af = bk,
a=k—1, —1 =1 na mecrb mapamerpos a, «, 3, b, k, [. Ilpu srux ycioBugx cuia

F = az“y’i + bz

MOTeHIHAIBHA ¢ MOTeHIHAIbHOI sHeprueit [1 = cx'y’. IlapaMeTpsl cuasl a, o, 3,
b, k, | crexyomum oOpa3oM BBIPA3ATCd Yepe3 IMapaMeTphl ¢, ¢, j MOTeHIHATbHOI
sHeprun: a = —ci,a =i— 1, =4, b=—cj, k=14, 1=j— 1.
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['JTABA 6

JTBUXKEHUE MATEPMAJIBHOII TOUYKU

101 BO3JIEMCTBUEM ITEHTPAJIBHOU
CIJIBI

§ 20. YPABHEHU A JIBNKEHUA

B cucreme orcuéra purcupyercst rouka O, MOJI0KEHNE MaTEPUATHHON TOUKH C MAC-
COMl M B KazKJiblii MOMEHT BpPeMeHH t OlpeJieifgeTcs paaunyc—BekTopoM r (puc. 20.1):
HavYaIbHAd TOYKA PAIMyCc—BeKTOpa ' B Touke (), MaTepHaJbHas TOUKA COBIAIAET C
KOHEUHO# Toukoii r (§ 1).

Puc. 20.1

Onpenenenne 20.1. Cuia Ha3pIBaeTCs IEHTPAJJIBHOMH, €CJIH OHA KOJIIHHeAapHA
PaJHyC—BEKTODY T:
F=f- (20.1)
r

f — BesmumHA CHTHL.

BeudmHa CHIIBI MOYKET CJIEIYIONUM 00Pa30M 3aBUCETh OT KHHEMATHIECKUX XapaK-
repuctuk Touku (§ 15): f(¢, r, ). Vcxoas u3 HaYaIbHOTO COCTOSTHUST TOUKH (to, To,
ro = Vj) Tpebyercs Haiitu jasuzkenune r(t) Touku. BesejcrBue 3aKoHa U3MEHEHUs!
mMomenTa uMmiyibca (em. (17.3), (17.4)) mox Bo3zmeficTBIHEM HEHTPAJIBHONR CUJIBI MO-
MEHT HMITYJIbCA TIPU JBUKEHHN COXPAHICTCS:

Ko=M=[r, F]=[r, f] = 0"

r

Ko = [r, mV] = const, T0 ecTb, JABUKEHNE TOYKH MPOUCXOJUT B IIOCKOCTH Tep-
nenuKyasipaoii mocrostuaomy Bektopy Ko (rLKy = const). Iliockocts npoxoaut
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depe3 Touky O U HAYANBHYIO CKOPOCTH V(. B IJIOCKOCTH BBEIEM TOJSPHBIE KOOD-
muHatel 7, @ (§ 8). CKOpOCTh TOYKM B MOJISPHBIX KOODMHATAX BBIPAKACTCS CJIe-
ayfomum obpazom ((8.1) — (8.3)): V.=V, +V, V. =7 V, = r¢. B coorser-
crBuH ¢ paznokenneM V = V, + V, 1ag MomenTa umiyibca noayanmM (puc (20.1)):

Ko = [r, mV]=[r, m(V, + V,)] = [r, mV,],
Ko =mr’p =const, c¢=—, c¢=r%)=const. (20.2)
m

XapakTepucTuky ¢ = r¢ 6yaeM Ha3bBaTh IPUBEISHHLIM MOMEHTOM HMITYJIhb-
ca.

Puc. 20.2

3a masioe Bpems At paauyc-BeKTOp, IpeHebperas BeIMIHHAMA BTOPOTO MOPAIKA U
BBIIIE, 3aMeTaeT TPEeyTOJbHUK, ILIONaJb KOToporo pasHa (puc. 20.2):
AS = %(T + Ar)rsin Ap = %TZAQO. Jlesienne mostyueHHOrO BbIpaskenus Ha At u
nepexof K mpejgeny At — 0 npusogut K dopmyie (em. (20.2))

as 1, 1 Ky

— = -1 = —c = — = const, 20.3

it 2 772 om (203)
KOTOpasi 000CHOBBIBAET
Bropoii 3akon Kenaepa. [Ipu aBukeann 10,1 Bo3aeHcTBHEM ITeHTPAJIbHOH CHJIBI
JI0MaIb, 3aMeTaeMasl paJnyc—BeKTOPOM, IPOIOPITHOHAIbHA BPEMEHH JIBHYKCHHSI.

[Tpoussounas dS/dt naspiBaercs CEKTOPUAIBHON CKOPOCTHIO, BCiecTBue (20.3)
cOXpaHeHHe MOMEHTa MMITYJIbCa WHOT/A HA3hIBAIOT MHTErpajioM mjormiaaeii. 113
3aKOHA COXpPaHEHUA (20.2) MOKHO CAeJaTh CJACAYIONIUNA BBIBO/L: IIPU JIBUKCHUU IO
BO3JEHCTBUEM IEHTPAJILHON CHJIBI JIOCTATOYHO 3HATH U3MEHEHUE BO BPEMEHH OJHOMI
U3 IOJIAPHBIX KOOpJAMHAT, Hampumep, r(t). I3menenune Apyroii KOOpAMHATH HAXO-
maurest u3 (20.2):

. C
o= (20.4)
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YckopeHne TOYKH B THOJISPHBIX KOOPJAMHATAX BBIPAXKAETCA CJIEAVIONMHUM 00pPa3soM

((8:5), (8.6)): W =W, +W_ W, =i—r¢? W, = ¢r+2¢r (puc. 20.3).

W

¢

O | Ll

—

Puc. 20.3
[Tpoexrust ypasuenuss Hotoorona mW = F = fr/r nma wmaupasienue paanmyc—
BEKTOpa I' IPUBOJIUT K yPABHEHHIO

Cucrema ypasrennii (20.4), (20.5) ecth 3aMKHyTast crcTeMa OOBIKHOBEHHBIX (-
dbepeHIaIbHbIX YPABHEHHN TPETHEro MOPSIKA JJIs OMpeIeJIeHNs IPH HAYATbHBIX
JIAHHBIX to, To, T0, P0, Po ABukenus 1 (t), ¢(t) Touxku. s onpeieeHns TpaeKTOpun
(@) TOUKM B HOJIAPHBIX KOOpjMHATAX cenaem ¢ yuérom (20.4) B ypasuenun (20.5)
Iepexo/; OT He3aBUCAMOW IepeMeHHON ¢ K He3aBUCHMOW IepeMeHHOR :

. dr  drdy (204) dr c d (1 ,

T dy dt dp r? dp <7’> ¢ e (20.6)
BBeJIeHBI 0003HAYEHU
1 ,  du
S = 20.7
u r ) u d(p ) ( )
Ldr drde  (20.4)(206) ,C

=—=—-—— = —u—. 20.8
"Tar T dy at b (20.8)

[ToncranoBka (20.4), (20.8) B ypasuenue (20.5) u oueBuAHBIE TPEOOPA3OBAHUS TPH-
BOJIAT K ypaBHeHNI0 BuHe

2
" . r . .
U +u= _mCQf(ta T, @) (209)

B asronomuom cayuae (0f/0t = 0) ypasnenue (20.9) nocse nopcranosku (20.4),
(20.6), (20.7) cTaHOBUTCST 3aMKHYTHIM ypPaBHEHHEM

1

mc2u2f(1/u, —'c, @, u*c) (20.10)

u”+u:—

JUTst HaxoxKeHust Tpaekropun (@) = 1/u(yp). B smureparype ypasuenne (20.9) na-
3BIBAIOT TaKzke BTOpoii dopmysioit Bune (mepsast bopmysia 3mech He paccMarpuBa-
ercs).
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§ 21. IIOTEHLINAJIbBHBIV CJIYVYAIL.
INBUXKEHUE B IIOJIE BCEMIUPHOI'O TATOTEHUA

3yanm BOmpoc: MpH KaKWX yCJIOBHsIX IeHTpasbHas cuia (onpemenenne 20.1) cra-
IUOHAPHO MOTeHIuaIbHa (onpenenenne 19.2). B miockocTu ABUKEHUST B TOJSIPHBIX
KOOD/IMHATAX Ha POJIb CTAIIMOHAPHO MOTEHITUAJIBHON CUITBI IIPETEHTyeT MeHTPATbHAS
cuna F = f(r, ¢)r/r. Beraucaum sieMeHTapHYIO paboTy:

2 40) _ i )T pr, .

r

0A = (F, dr) = f(r, @)

HCIIONB30BAHO TOXKAECTBO (r, dr) = 3d(r, r) = d(r?) = rdr. Ilo Teopeme 19.1 nas
IMOTEeHINATLHOCTH CUJIBI dJIeMeHTapHas padoTa J0:KHA OBITH MOJHBIM guddepeH-
UAJIOM:

o1l o1l
0A = f(r, p)dr +0dp = —dII(r, ) = ———dr — —dp.
fr, ¢) ¥ (r¢)=——5, Piad
[IpupasuuBanue ko3dduinenTos mpu auddepennuaiax 0T He3aBUCUMbIX TIePeMeH-
HBIX OTIpejieIseT CUCTeMY YpPaBHEHUI /I MOTEHINAJbHON SHePTrun
oi ol
or op
U YCJIOBUE €€ HHTeTPUPYEMOCTH
o 9f(re) _
ordyp op

Takum o6pa3oM, B COOTBETCTBHUH ¢ TeopeMoit 19.1 nmeeT MecTo

—f(?”, 90)7 0

Teopema 21.1. [[eHTpajbHasi CHIA CTAIHOHAPHO MOTEHIHAJTBHA (MATEpHATbHAS
TOYKA SIBJISETCS KOHCEDPBATHBHOI CHCTEeMOIi) TOrJa W TOJBKO TOTJa, KOIJa €€ Be-
muauaa f(r) 3aBHCHT TOJBKO OT PACCTOSIHUSI T MEXKJ[Y MATEPHAJIBHOH TOYKOH o
HavaabHOH TOYKOH O pajanyc—BeKTOPA.

CraloHapHO HOTEHIUAIBHYIO IEHTPAJIbHYIO CUJIy MOXKHO 3a/aBaTh WM €€ BeJu-
qunoit f(r) win norennuaabHoil sueprueit I1(r). Mex iy HUMU CJIeyIOMAst CBSI3b:

Fr) = ﬁgﬁ”, 11(r) :—/f(r)dr. (21.1)

B coorBercrBum ¢ TeopemMoit 19.2 jijisi KOHCEPBATUBHBIX CHCTEM CITPABE/JIUB 3aKOH
COXpaHeHHUsI TOJTHOI MeXaHW9IecKoii sHeprum, KOoTopeiii ¢ yuérom (8.4), (20.4), (21.1)
JIUISL IeHTPAJIBHOI CHJIBI IPUHUMAET CJAe YO BU;

1 1
T 01 =smV2 4+ 11(r) 2 Zn(? + ¢4r2) + 11(r) 2
(21.2)

L (R B o ¢
_§m T+r_2 + II(r) = E = const.
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Ecau coornomenne (21.2) anreGpandecku paspelruTb OTHOCUTETBHO 7, TO 3a/aua
Haxoxienust apuxkenust 1(t), o(t) cengéres x wunrerpuposanmio AByX auddepen-
nuaibHeIX ypasennit: 7 = h(r, ¢, E) m ¢ = ¢/r? (cm. (20.4)). ns naxoxaenns
TpaekTopun () TOYKH HY?KHO “OJHO yPaBHEHHs PA3/EIUTh HA JPYroe”, Moy duM
ypaBHEHHE

dr  7?h(r, c, E)

do c
C pa3JIe/IdIONUMHUC MTepeMeHHbIMUA. B dacTHOCTH, B 10Jie BCEMUPHOI'O TSTOTEHUS
(moTeHnUaTbHAS SHEPTUs, IPUCYTCTBYOMmAst B h(r, ¢, F), npusenena uuzxke B (21.3))
9TO ypaBHEHHE HHTETPUPYETCS B d7I€MEHTAPHBIX (DYHKIIUAX U OIpeIesIseT OpOUTH B
nebecnoii mexanuke |1, rr. I, § 7]. 3xecy opbuThl Gy/yT BHIYUCJIEHBI IIPU HOMOIIH
ypasuenusi Bune (20.9).

B mosie BceMUPHOTO TSATOTEHWST HA TOYKY MACCHI M AefCTBYeT CTAIMOHAPHO IMO-

TeHIMAaIbHas MeHTpatbias cuia (20.1). [IpuBegém eé BeJIMIUHY U MOTEHIHATBHY O
suepruio (em. (21.1)):

Mm mp Mm mp
r r r r

¥ — BCeMHpHas MocTosgHHasd, M — Macca pacnoJioKeHHOTO B HeNOIBUZKHOI Touke O
“Comana”, u = vM — nocrosunag aig ganHoit Comneunoit cucremsl. [loacranoBka
Besmansbl f cusbl B ypasaenue Bune (20.9) onpejesisier JuHERHOE HEOAHOPOIHOE
ypaBHEHHE € TOCTOSTHHbIME KO3 durmenramu

1
Ut u= = (21.4)

2
C OYEeBHIHBIM YACTHBIM pelrenueM u = ju/c?, nobasjenue KOTOPOTo K obmeMmy pe-
IIEHUIO OJJHOPOJIHOTO ypaBHeHus (ypaBHeHHsI KosebaHuil) MPUBOAUT K 00IeMy pe-

meHuto ypasaenus (21.4)
u = C%—i—ACOS(gp—I—ﬁ), (21.5)

A,  — npoussosibHBIe mocTosHHBIE. [Ipenmonaraem A > 0, B mpOTHBHOM CiIydae
MuHyC MOXKHO “mepernarts’ B (. C yuérom (20.7) (v = 1/r) monydaem ypaBHeHHe
r(¢) TpaekTopun

p
. , 21.6
1+ ecos(¢ + ) (21.6)
BBeJIeHbI 0003HaueHusI 151 (POKAIHHOTO MapaMeTpa P U SKCIEHTPHUCHUTETA €
2 2
c Ac
p=—, e=—2=0. (21.7)
7 7

Tpaekropun, onpeenénnbie (21.6), ecTh KOHUUYECKHE CeUeHUs] B TOJSIPHBIX KOODIH-
narax, “Cosnne” O pacnosnoxeno B ¢okycax. 113 (21.6) BuHO, 9T0 B 3aBHCHMOCTH
OT SKCIEHTPUCHUTETA € BO3MOYKHBI CJIeYIONINe BU/Ibl CeYeHUil — TpaeKTopuii Hebec-
HBIX TeJ:
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1. e = 0, OKPYKHOCTDH pajuyca p;

2. 0 < e < 1, 3uamenaress B (21.6) Hu npH KAKOM 3HAYEHUH (@ He 0OPAIIACTCS B
HYJIb, (PUHUTHAS TPACKTOPUS — IJLJIMIIC,

3. e = 1, 3namenaresb B (21.6) obpariaercst B Hy/b ipu ¢ + 3 = m — napaboJia,;

4. e > 1, 3namenarens B (21.6) obpamaercsa B Hy1b npu ¢ + [ = sarccos(1/e) —
runepboJia ¢ ACHMITOTAME, COOTBETCTBYIOIMUME yriaaMm ¢ + [ = tarccos(1/e).

[IyHKT 2 000CHOBBIBAET

ITepssoriit 3akon Kenaepa. [L1aneTsr ABUKYTCS 110 3JLIATICAM, B (DOKYyCaxX KOTOPBIX
mHaxoaurcss CoJHIe.

Bripazum okaabHbI TapaMeTp p U SKCIEHTPUCUTET € Yepe3 NPUBEIEHHBI MOMEHT
ummyisca ¢ = 12¢ (em. (20.2)) 1 TPUBEASHHYIO MOJHYIO YHEPTUIO

1 1 1 2 1 2
E*:—E:—(T+H):—<7'“2+C)_H:—<f§+—c)——u = const (21.8)
r

m m 2 r? r 2 2 0

(B paBenctBe (21.2) yurena morenuaabaas sueprus (21.3)). Onpemennm B (21.5)
MOCTOSTHHYIO A 4epe3 HavaJbHbIe YCJIOBHSI To, To, Yo, Yo (B IpeoOpa30BAHUSIX HC-
oJib30Banbl hopmysst (20.6), (20.7), (21.8)):

1 1. .
Uy = — = % + Acos(po + 8),  uyg=—-19=—Asin(g + ),
ro ¢ c
1w\ 1 1 TR |
AQZ - = _.2:__2_ [ L2
(ro 02> @’ re r002+c4+czro
2 2 x 2
2, € B, o (2E%c
S C o Y _ 1
CQ(O+§ r0+62) 04(u2 )
2E*c2
Aa=L N -
c 7

21.9
[t ft I (21.9)

JokazkeMm

Tpetuii 3akon Kensepa. OtHorrrenne KkBajpara BpeMenn I obpallleHusI MIaHeTH
K KyOy OOJIBIIO MOJYOCH TPACKTOPHH OJHHAKOBO JIJIST BCEX ILTaHET OJHOI U TOii JKe
CoJtHeIHOH CHCTEMBI.

O o Bropomy 3akony Kemiepa (mocTosiHCTBO ceKTOpHAJIbHOI cKopocTH) Bpemst 1’
obpalieHusi pABHO OTHOIIEHUIO TIOMIA/IH SJLIHITHIeCKOH opoutsl (mab, a = p/(1 —
e?) — Gosbmag noayoch, b = p/v/1 — €2 — manaa [3, ror. 11, § 2; v, IV, § 3])
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cekTopuaabHoil ckopoctu ¢/2 (em. (20.3)). C yuérom (21.9) mpuxoanm K HYKHOMY

pesyJibrary:
T2 rab\ > s ATV Ar?p  Ar?
_— —_— a = = pr— .
ad c/2 ac? c? 1
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§ 22. BSAIIMHOE TAT'OTEHUE JABYX U TPEX TOYEK

JIBe Marepua/jbHbIe TOUYKH ¢ MACCAMH 1M1 U Mg B3aUMOJEHCTBYIOT TOJBKO JAPYT C
JPYTOM, U 3TO B3aMMO/IeHCTBIE NPOUCXOIUT 10 3aKOHY BCEMHUPHOIO TsiroTeHus. 11o-
JIOZKEHHSI TOUEK OLPEJIEJIAI0T PAIUYC—BEKTODBI I't, I'y, OTJIOZKEHHbIE OT HEIO/BUZKHOIL
roukn O (puc. 22.1).

m, P

Puc. 22.1

CraBurcs ciejyromnas 3aa4a: Onpe/IeJuTh JIBUKeHne Touek ri(t), ra(t), coorBer-
cTByoIee HauaabHbIM danibiM 19, 19, V9 = 10 V) = 1. Beeném sextop p = r; —ro,
IPOBEJIEHHBIN 0T BTOPOi ToukM K neppoit (puc. 22.1). Lenrpy nuepuuu C' coorser-
CTBYIOT PAJUyC—BEKTODP I'c, OTJIOKEHHBINH 0T TOUku O, ¥ BEKTOPHI Py, Py, TPOBEIEH-
uble n3 C' K MaTepuaabHbIM Toukam (puc. 22.1):

. miry —+ moro mo mq

pr=—"—""Pp Pp=—"""P (22.1)

re
mi + mo

my + Mo mi + Mo

Tak Kak BHENIHHE CHJIBI OTCYTCTBYIOT, HeHTp uHepiuu C' CHCTeMBI JBHKETCS C TI0-
crosunol ckopoctbio V& (em. (16.5), (22.1)):

VO VO

ml 1 + TTL2 2

0 0 0
V — 5 rC - rcv_'_VCt -
myi + Mo mi + Mo my + Mo

mlr? + mgrg 1 mIV? + mgvg ‘ (222)

Bamumiem i Kazka0ii Toukn ypasuenne Hporona (15.1) (em. (21.3)):

mimsy P mimso P

2 ’ 2 ?
P op pP?op
COKpPATHUM B KazKJIOM YpaBHE€HHUHN OJHY U3 MaCC, BbIYTE€M U3 II€PBOI'O YpaBHEHUA BTO-

poe, ¢ YYETOM p = Iy — Iy TIOJYIUM YpaBHEHHe

miry = —vy Moy =7y

mi + Mo B

pPp
¢ ozHoll Hem3BecTHOIT BekTop—dyHKIueit p(t). Cuenas npu nomonu (22.1) mepexos
OT p K Py, HOJIYYUM ypaBHEHUE

p=—

3
me P1

o= _7(m1 me)2pl i
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Taxkum 06pa3oM B moABUKHOI cucreme Kénura (omnpeenenne 18.5) nBuzkenue mep-
BOIl TOYKH € MacCOfl Mm; NPOUCXOJUT IO 3AKOHY BCEMHUPHOIO TATOTEHUs] K HEIO-
apuzxuomy B Touke C' Cosnny ¢ maccoit M = m3/(my + my)?. JIpukenue BTOpPOif
TOYKH ¢ MACCOM My CBIA3AHO ¢ IBUZKEHHEM [epBoil coreryomum obpazoM (cm. (22.1)):
po(t) = —myp,(t)/mo. st mosydenust TO9HOTO oTBeTa Py (1), Po(t) wim py (@), po(p)
TpebyeTcst B cOOTBeTCTBIH ¢ (22.1) mepecunTarh HAYATbHbIE JAHHbBIE H HCTIOIB30BATh
pesyabrarsl § 20, § 21. K okonvaresbHOMy oTBery HpUBOAAT (HDOPMYyJibl (CM. puc.
22.1, (22.2)): r1(t) = re(t) + pi (1), ra(t) = re(t) + po(t).

[ne-to B paiione TPEX TPABUTUPYIOMIUX TOYEK MPOXOJUT TPAHL MEZKIy AHAJIW-
THYeCKAMH BO3MOXKHOCTSMU W HEBO3MOXKHOCTAMU desoBeka. [IpuBeném nudaropeii-
CKYI0 3aj1a4y |2, c. 74|, oTBeT KOTOpOil COBPEMEHHBIN Ye/IOBEK yraJaTh He CIOCOOeH
(¢ Toukm 3penusi apropa). Tpu MarepuasbHble TOYKH ¢ Maccamu 3m, 4m u dbm B
HavaJle JBUKeHNsT HaxoAaTcsa B Bepmuaax F, G, H mudaropeitickoro TpeyrojibHuKa
(GH = 3s, HF = 4s, FG = 5s, puc. 22.2). Kaxnast napa To9ek B3auMojeiicTByer
10 3aKOHY BCEMUPHOTO TATOTEHUsI, TOYKH HAYMHAOT JIBUKEHNE U3 COCTOSTHUS MOKOSI.
YIuBIgeT UTOrOBas YacTh JABUKEHHS: TOUYKA C MACCOH DM yJaasdeTcs Mo MPAMOil OT
“IBOMHOI 3Be3/IbI”, KOTOPYIO 00pa3yi0T TOUYKHU ¢ MaccaMu 3m U 4m, MepuoaundecKn
CTAJIKUBAsICh JIPYT ¢ jipyroM. “/IBoitHas 3Be3/a” yj1ajisieTcss B CTOPOHY, POTUBOIO-
JIOXKHYTO TOUKe ¢ Maccoit 5m (puc. 22.2). Ormernm, 9T0 B IPOIECCe B3ANMOIEHCTBHSI
coxpansgorcs uMmiyabe Q = 12mVe = 0 (nenarp unepiuu C' HEIIOBUZKEH ), MOMEHT
nMviyiabca Ko = 0 u moHasg Mexanmdeckas sueprus E =T + 1.

Puc. 22.2
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['JTABA 7

JANMHAMUWKA CUCTEMDbBI
ITEPEMEHHOI'O COCTABA

§ 23. BAKOHBI USMEHEHU A NMIIVJIBCA,
MOMEHTA UMIIVJIbCA, KHHETUYECKOII SHEPTUU

BaKOHBI IMHAMUKHU (M3MEHEHUe UMITYIbCA, MOMEHTA UMIYJIbCA U T. JI.) BHIBOJIIIUCDH
B IVT. 5 B TPEINOI0KEHUN, YTO COCTAB CUCTEMbI HEM3MEHEH. 3aJada O JIBUKCHUH
CHCTEM MEePeMeHHOTO COCTaBa HAXOJAUTCS HA CThIKE KOHEYHOMEPHONH MEeXaHWKH U Me-
XaHUKW CILIONHON cpejpl. Jlajee paccMaTpuBaOTCsS HEKOTOPbBIE BOIPOCHI, OTBETHI
Ha KOTOpPbIE MOXKHO IOJIYYHUTH B PaAMKAaX TEOPETUUECKON MEXAaHUKH.

[IycTh Macca cucTeMbl U3MeHsAeTCsd M0 3aKOHY

m(t) = mog — m”™ (t) + m"P (), (23.1)

rJie My — Macca B HauaJIbHbIil MOMEHT Bpemenu to, m*™* (1) u m™ (t) — yxoma u npuxo.
Mace 3a TMPOMEKYTOK BpeMenu |[to, t]. JIng BeIBoJA 3aKOHA M3MEHEHHsS MMILYJIbCA
CHCTeMbl HePEeMEeHHOr0 cocTaBa (PUKCHPYeM B MOMEHT BPeMeHHU ! COCTaB CHCTEMBI
u obozHaunM Q*(t) mmmyabe bukcupoBanHOil cucreMbl. B MoMent Bpemenn t + At
HMITY/IbC CHCTeMBI HepeMEeHHOTO COCTaBa Oy/lIeT paBeH

Q(t+At) = Q'(t) + AQ" — AQ™ + AQ™,

e AQ* — usMmeHeHue uUMILyJIbCa (PUKCUPOBAHHBIX B MOMEHT BpeMeHH ! TOYEK,
AQY™ u AQ™ — u3MeHeHHE UMITYJIbCA W3-3a YIEAIUX W HPUIIEININX TOYEK. Bbi-
YUCJICHAE TPOU3BOJHON

dQ(t) .. Qt+At)—Q(t)

G Am At -
Q) +AQ - AQE HAQT - QY1)
= lim =

At—0 At
(A AQr Qe
&To( At At A )

IIPUBOAUT K pPE3yJIbTaTy

dQ — RBHeLUH + R,HOH (232)
dt

— 3aKOHY M3MEHEeHHs UMILYJIbCA JJIsi CUCTEMbl [IePEeMEeHHOI0 cocTaBa. Y YTeH 3aKOH

u3menenunst ummyabca QF = R qpg pukcupoBaHHO B MOMEHT BpemeHU t CH-

CTeMbI MOCTOSTHHOTO cocTaBa (RPM™ — riaBHBI BEKTOD BHENIHUX CIHJI), BBEJIEHO
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ob03HAUYCHUE

At—0 At At

JIJIST CUJTBI, JIOTIOJTHUTETHHO JefCTBYIONENl HA CUCTEMY U3-3a MIEPEMEHHOCTH ee COCTa-
Ba.

R = lim (— AQ% AQHP) (23.3)

JlocjioBHOE TOBTOPEHME PACCYZKJICHU, IIPU TOMOIIM KOTOPBIX JOKA3aHO ypaBHe-
Hue (23.2), NPUBOANT K 3aKOHY M3MEHEHUs MOMEHTA MMITYJIbCA JJisi CHCTEMBI Tiepe-
MEeHHOT'O COCTaBa

dK
dtO _ Mgﬂeum 4+ 1\/‘[?()0117 (234)

rge MZe™ — pjpaBHblii MOMeHT BHemHuX cui, ME™ — J10noHuTe BB MOMEHT,
CBSI3AHHBII C YXOIOM ¥ IMPUXOJIOM MAaCC:

AKYX AKHP
JTOIT . O O
My = l}smo (— " + " > . (23.5)

Bugom, anamormaaeim (23.2), (23.4), obnagaer n 3aKOH U3MEHEHHS KHHETHIE-
CKOM HEPIUU JijIsl CUCTEMbI IEDEMEHHOIO COCTABA!

dT’
N N, (23.6)
dt
rie N = > (F;, V;) — MOIIHOCTh BHEIIHUX ¥ BHYTPEHHUX CUJI, JEHCTBYIONUX HA
CHCTEeMY; JOIOJHATEIbHAs MOIMHOCTL N7 ompejeena yX040M U IPHXOJ0M Macc:

NA" = lim
At—0

(_ S AT’“’) . (23.7)

At AL

Paccmorpum npumvenenne 3akoHoB (23.2), (23.4), (23.6) B HEKOTOPBIX YaCTHBIX
CIydasx CHCTEM TePEMEHHOIO COCTABA.
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§ 24. IIOCTVIIATEJIbBHOE ABUN>KEHVE TEJIA
ITEPEMEHHOI'O COCTABA. PEAKTNBHOE AIBUKEHINE

Touku, npuHaIeKaIme Tejry, 00JaJalT OJHON u Toil ke ckopocTbio V (t). V resa
UMEETCsl 1. CTOKOB, Yepe3 KOTOPbIE MPOUCXOUT YXOJ, MACC, U T MCTOYHUKOB, Yepe3
KOTOpble — Tpuxo. B coorBercrBun ¢ dopmy:noii (23.1) macca Tena, ummyabe Q u
JeBas JacTh ypaBHeHus (23.2) paBHbI

m(t) = mo — Zm‘fx(t) + Y m? (1),

Q= {mo —Zm{x(t) +mep(t)}V,

dQ _d(mV) _dm . dV _

(24.1)

a @ a " T
" dm’* " dmfp dV
— (= i V 4+ m—.
< 2 "t +lzl dt) T

[Tycrh 3a Bpems At Te10 MTOKMHYIN Macchl Am; " | ¥ MPUCOEJINHUIIUCH K JIBUKEHUIO
tesaa Maccel Am;T. C TOYHOCTBIO JI0 WJIEHOB NEPBOrO MOPSAIKA MAJOCTH YXOI H

IIpUXOa UMITYJIbCa PaBHBI

n T
AQ™ =Y Am*CY¥, AQ™ =" AmPCJP, (24.2)
i=1 I=1
rie C, C/P — cpennne 3a npomexyrok Bpemenn At ckopocru. Buiumcsenue c

yaeroM (24.2) monomarnTennHoii cuibl (23.3) npuBoaut K dopmyle

, AQ™  AQ™ “~ dm]* ~ dm;]”
R77 — | _ - _ MY g3 £ N gL 24.
A?Eo( At A ) 2 g +; a O 249

Pesynbrarom nojgcranosku (24.1) u (24.3) B ypasuenue (23.2) saBisiercst ypaBHEHHE
Memiepckoro

A% " dm?* " dm™®
Z . _ RpHemr _ ) yx l p 24.4
o dt ul+ll ar (24.4)

=1 =

rie w]t =C* =V, u® = C” —V — cropocTn yXOoIgIuX 1 NPUXOJAIIEX MACC B
MOJABUYKHON MMOCTYIIATEJIbHOU CACTeMe, CBA3aHHON C TeJIOM.

cnoansyem ypasHenne Melepckoro jijis ONUCAHUS BEPTUKAJBLHOIO B3JIeTa pa-
KEeThI. OTHOCI/ITeﬂbHyIO CKOPOCTHh U ucrevdeHnud MpoAyKTOB CIropaHud CHUTaeM IMOCTO-
AHHOI U HAIPABJICHHOI IIPOTHBONOJIOKHO CKOPOCTH pakeTbl. C yueToMm TOro, 4ro B
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JaHHOM caydae: m(t) = mg — m¥*(t), m(t) = —m’*(t), npoekuus ypasuenus Me-
mepcekoro (24.4) Ha HalpaBJeHHE M0JIeTa DABHA

dv dm
T — . 24.
m pn mg o U (24.5)

Ypasuenue (24.5) uHTErpUPYETCsi, YTO HPUBOAUT K PE3YJIBTATY

m(t)

I[Ipu g = 0 »ro coornomienne HocuT HazBauue dpopmyuibl IlmosakoBckoro. 13
dbopmysibr (24.6) BuHO, 9TO TEKyIIee 3HAYEHHE CKOPOCTH OMPEIE/ISeTCs TOJBKO MO-
MEHTOM BpeMeHH t W TEeKYIINM 3HadeHueM macchl m(t) pakersl. [jist Berauciennst
BoicoTBl h = [ V/(t)dt TpeGyerca JTONONHUTENBHO 3HATH 3aKOH CTOPAHHS TOILUTHBA
m(t) = mog — m>>(t).

[Tpu momomu ypasuenuii (23.6) u (24.5) BBIYUCTUM MOITHOCTH BHYTPEHHUX CHI,
YYaCTBYIOIIUX B Pa3roHe IPOJYKTOB CrOPAHUs JIO OTHOCUTEJIbHOM CKOpOCTH U. 33
Bpemst At pakery nokugaer macca Am¥* ¢ abCOTIOTHONH CKOpOCThIO V — u, 4TO B

V(t)=Vy—gt+uln (24.6)

coorBercruu ¢ (23.7) u Am?** = —Am npuBOAUT K pe3yabTaTy
1dm
Ao = ———(V —u)*. 24.7
5V w (24.7)

HenocpeacrBennoe Buiuucaenue ¢ yuaerom (24.5) mpaer dbopmyiry

dl'  d (mV? ldm,_,
E_%( 5 )——mngLéE(V —2Vu),

a B cooTBeTCTBUH ¢ (23.6) mpaBag 4acTh JOIKHA OBITH paBHA

N T + N BHYTP + N,Z(OH’

4T0 U upuBour ¢ yderom N™* = —mgV u (24.7) K pe3sy/brary JJjisd MOUHOCTU
BHYTPEHHUX CUJI
2
ey dmu”
dt 2
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§ 25. BPAIIIEHUE TEJIA ITEPEMEHHOI'O COCTABA BOKPVYTI
HEIIOIBMKHON OCHU.
BBITEKAHUE >KNJIKOCTHU 13 ITIOJABUXKHON ITICTEPHEI

Bpamenune Tesa nmepeMeHHOr0o COCTaBa BOKPYTI HEMOABM2KHOII ocm 2. Pac-
CYXKJEHUSIMHE, aHAJTOTHIHBIME T€M, KOTOpble NPHUBEIN K ypaBHEHHIO MemnepcKkoro
(24.4), BeiBoUTCS bOpMy.IA:

n

dw BHEIIH

M.Au} +Z MLy, @)

i=1

rie I,(t) — MOMEeHT uHepIuMU Tejia OTHOCUTENLHO OCH Bpalenus z, M — pjap-
HBII MOMEHT BHEITHHUX CUJI OTHOCHTEIbHO ocu z, M, {-} — onepauus Beramcienus
MOMEHTa OTHOCHTEIHHO OCH Z, Tpoune 0O03HAYeHHsI Te e, 9To u B (24.4).

B kadecTBe mpuMepa WCIOJb30BaHus ypaBHeHust (25.1) pacemMorpum 3a1ady o
PACKPYYUBAHUH KOJBIEBOW KOCMHUYECKOW CTAHIIMHU TTPU TMOMOIIN PEaKTUBHBIX JIBU-
raresieii [12, 3amaua 10.29]. Ckopoctn ucredenuss ' mpoayKTOB CrOPAHUS Y JIBU-
ratesjieil HEM3MeHHBI 110 BeJIWYWHe: u*™ = u, — W HAIpPaBJIeHbl 10 KacaTeJbHON K
BHEIITHe# OKpyzKHOCTH pajauyca [R. Packpy4unBanue mpoucxoauT BOKPYT OCU CUM-
MeTpud z. YpaBHenue (25.1) npuHHMaeT BUJL

dw drrvy x

dt — dt

(Io — m™ (t)R?) — Ru, (25.2)

riae Iy — MomenT unepuuu resia B MOMeHT Bpemenn t = 0, m¥(t) = Z mi (t) —

CYMMAapHBIii pacxoj TOpIUero 3a Mpome:kyTok spemenn [0, t], M. {qu} —Ru.
Pesysbrar unrerpupoBanust ypasaenus (25.2) anasoruden dbopmyie (24.6):

u IO
w(t) =wo + 7 In L= m (DR

B 3ak/irouenue paccMoTpuM 3aJiady, pelieHne KOTOpoil HaX0IUTCs Ha I'PAHU BO3-
MOKHOCTEl KOHeYHOMEPHON MEeXaHUKU.

OpHOpOoIHAA KUJIKOCTH BBITEKAaeT W3 IMUCTepHbl Macchl M depe3 KpaH, OTCTOS-
muii OT MEeHTPa WHEPIUH MUCTePHbI HA PACCTOSTHUU @ MO ropu3oHTanu (puc. 25.1).
Ochb KpaHa BepTUKAJIbHA, M YACTUIBI BHITEKIIEH KIIKOCTH COXPAHSIOT TY TOPU30H-
TAJbHYIO COCTABJISIONIYI0 CKOPOCTH, KOTOPYIO OHU MMeJIM B MOMEHT OT/IeJIEHUs OT
kpaHna. Bo Bce Bpems JiBUZKEHUS] YPOBEHDb YKUJIKOCTH B UCTEPHE OCTAECTCS TOPU30H-
TaJbHBIM, & TIEHTP WHEPIINHA HAXOAUTCS Ha TOH yKe BEPTUKAJIHN, 9TO W MEeHTP WHEPIN
nuctepHbl. [Iperebperas Maccoii Kojiec u TpeHHeM, HafiTH CKOPOCTDb JIBUZKEHUS TH-
CTEPHBI B 3aBUCUMOCTH OT BpeMeHU t, eCJii Macca KUJIKOCTU B IIUCTEPHE MeHIeTCs
110 3aKOHY

1 t
m(t) = 570 <1 + cos :—) : (25.3)

1
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e mo — HadadbHas Macca YKUIKOCTH, a ti OmpeessgeT TMPOMeKYTOK BpeMeHH’
[0, t1], 32 KOTOPBIiT KKUIKOCTH OJHOCTHIO NOKUAAET ucrepHy [12; 3amaua 10.12].

a

O X

7777777777777

Puc. 25.1

CJ10:KHOCTD 331491 3aKJ/JII0YaeTCsI B TOM, 9TO KHJIKOCTh B IUCTEPHE BeJeT ceds He
KaK TBEpPJ0e TeJ0: U3-3a aCUMMETPUU BBITEKAHUS JIjIsi COXPAHEHUs] TOPU30HTAJILHO-
CTU TIOBEPXHOCTH MPOUCXOINT HEPABHOMEPHOE TepeMelTeHne YKNUJIKOCTH, BCIEICTBHE
4ero CyIecTByeT HeOllpe/leJIEHHOCTh C BIUYHUCJIeHNEM HMILYJIbCA, MOMEHTA UMITYJIbCA
1 KuHeTH4ecKoit sHepruu. Pemrenue 3amadyn ocHoBaHO Ha GeccrmopHOM bakTe: Tak
KaK BHEITHHEe TOPU30HTATbHbBIE CHJIbI OTCYTCTBYIOT, TO OOIMUil TIEHTP WHEePIUN

Zmixi

= Nt me

— IUCTEPHBI, KUJIKOCTH B HEll W BBITEKIel >KUJIKOCTU — B TOPU3OHTAJHHOM Ha-
NPaBJIEHUH IIEPEMEIIAETCS ¢ MOCTOSTHHONR CKOPOCTHIO:

Ymx; = {M +m(t)} X (t) + /tx(T)dmyX}(T) = Cit + Cs. (25.4)

O6o3naueno: X (t) - ropusoHTATBHAS KOOPIMHATA EHTPA MACC MUCTEPHBI; m(t) —
macca xkugakocru B ueii; Cy = Vo /(M +my), Cy = Xo/(M + my); uarerpas onpeje-
JISIeT BKJIAJL B IIOJIOZKEHHe OGIIero nenTpa muepiun dacturn dm¥ ! (1), nokumysmmx
mucrepHy B MomeHnT Bpemenu 7 € [0, t]. B MOMEHT BpeMeHM T 4YACTHUIBI UMEJH KO-
opauHatel X (7) — a u MpHOGPeTATn CKOPOCTH X (7), BCIEACTBUHE Yero K MOMEHTY
BpPEMeHHU ¢ OHM 3aHUMAJIM B IPOCKIUH HA TOPU30HTAIDL MOJI0KEHHe

(1) =X(1) —a+ X(T)(t — 7). (25.5)
Macca dm?™ (T) wacTunbl, NOKHHYBIIasd NUCTEPHY B MOMEHT BPEMEHH T, PaBHA

dm”™ (1) = m”™ (1)dr = —m(7)dr, (25.6)
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yareno: m(t) = mg — m¥™(t), m(t) = —m?*(t). logcranoska (25.5)) u (25.6) B
(25.4) upuBogut K unrerpo-audddepennuaibHoMy ypasaenuto st X (t):

{M+WWHX@%1£{Xﬁ%ﬂ%ﬂﬂﬂ@—ﬂ}mﬁMT:Oﬁ+@,

a Tmocje JIByKpaTHoro auddepeHupoBanus mo ¢ — K auddepeHnuaIbHOMy ypaB-

HEHUIO .
am(t)

M+ m(t)

[Toacranoska B ypasuenue 3akona (25.3) n3menennst Mmaccst m(t) n HHTErpUEpOBAHIE
npu HaganpHoM yciaosun X (0) = 0 mIpuBOAUT K pe3ysbrary

. 2M M t
V(t)=X(t) = ald Ty o arctg —th— :
th | M (M + my) M +mg "2t

Pesysbrar Bepen npu t € [0, t1]. K MoMeHTy Bpemenu t1 XKUJIKOCTb MOJTHOCTHIO OKHU-
JTaeT IMUCTEPHY, U e€ IBUKEHNe B JaabHeHIIneM TPOUCXOIUT ¢ MOCTOAHHON CKOPOCTHIO

2 2M
V:V(tl):aﬁ 1— + mg _
t 2/ M (M + my)

X =

Bamernm, 9T0, KAKOBO ObI HE OBLJIO OTHOTIeHHE Macc M u mg, Ipu MaJIbIX 3HAYEHUSTX
t uta ckopocrn Bemosmserca V(1) > 0 (X(0) = 0, X(0) > 0), a upu t > t; —
BeinosHstercss V (t) < 0, T.e. cHavasa IuCTepHA JIBUZKeTCs BIpaBo (puc. 25.1), a
3aTeM HallpaB/IeHUe JIBHKEHUSA MEHSIETCS.
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['JTABA 8
3AJIAHUE IIOJIOYKEHIUS TBEPJIOTIO TEJIA

§ 26. MATPUIIA IIOBOPOTA. VIJIbI SMJIEPA

B § 4 6b110 mokazano: 9TOOBI 3HATH B MOMEHT BPEMeHH { TOJI0OKEHNe KayKI0H TOTKH
TBEPIOTO TeJIa, HyKHO 3HATH MOJI0KeHne OHON 13 Touek O Tesia U MOJI0KeHne OTJI0-
JKeHHOTO 0T TOUYKH () OPTOHOPMHUPOBAHHOTO Gasuca, CBI3aHHOrO ¢ TeoM (puc. 4.1),
TO €CTh, 3HATD YeThIpe BeKTOpa Io(t), €1(t), ex(t), e3(t). 3aganue noi0KeHUs U OBe-
siennst Touku O 66110 00cy2KaeH0 B riase 1. B nacrosimeii riase OyayT 00Cy 2K 1aThCst
CrocoObl 3a/laHusl OPUEHTAIIMU TBEDPJIOTO TeJIa: TI0JI0KEHHs CBSI3aHHOIO ¢ TeJI0oM Oa-
suca e(t), ex(t), es(t). Oaanum U3 cocoboOB sIBISIETCS 3ajJaHNe KayKI0ro BEKTOpa
ex(t) pasmoxkennem no 6asucy i, i, i3, cBAI3aHHOMY € cucremoii orcuéra (puc. 4.1):

3
(SIS Zaklil. (261)
=1

Marpuny A = |lag;|| B (26.1) HaspiBatoT MaTpuneil moBOpoTa Wi MaTpULei
HAIPABJISIONNX KOCUHYCOB (aj; = COS (ek, il)) [5, 8. Tak kak oba Gasnca opro-
Hopmuposanbsl (cM. (2.1) u (4.1)), Beraucsenus: ¢ yuérom (26.1)

3 3

3
5@ ek; e; E klajs iy, ls) = E akzajs5zs = E Ak 1Qj]

l,s=1 l,s=1 =1

IIPpUBOAAT K BbBIBOJY

3
Zaklaﬂ = 5kj nin AAT = E, (262)

=1

aro marpuna A = ||a|| oproronambua [3|. 113 (26.2) ciemyer, aTo obpaTHON K
MaTpune A aBigercs eit Tpancnonunposannasg AT: A7! = AT To ectp, paspemenne
coorHomenus (26.1) OTHOCUTEJIBHO 1 HIPUBOAUT K PE3y/ibrary

3
=) aje;. (26.3)
j=1

Bestescrue japurkennst TBEPAOro rteia oprbl €j(t) u marpuina nosopora A(t) =
|lax:(t)|| 3aBucar or spemenn t. duddepenmuposanue mo t dopmyrn (26.2) ompe-
JieJisieT BbIpayKeHust

3 3
Z dklajl = — Zaklaﬂ njin AAT = —AAT. (264)
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[Tpomuddepentupyem no ¢ mepexon (26.1) ¢ mocsenyormeii 3aMeHOii TpU TOMOTITH

(26.3) i; na e;:
3 3 3
ék = delil = delaﬂe]’ = Zbkjej- (265)
=1 =1 =1

OGosnaueno B = ||by;|| = ||axia;:|| = AAT. Marpuma B kococmvmMerpidna;

26.4

BT = (AAT)T = AAT &Y _jaT — _p,

1 TI09TOMY €€ MOXKHO TpejcraButh B Buje |10, v I, § 4]

0 —Wws W2
B = w3 0 —W1
—Wwy Wi 0

3
Ecnu ¢ ncnosp30BaHneM 3I€MEHTOB w; MATPHIBI 3 BBECTH BEKTOp W = ) wj€;,

=1
TO He TPYAHO HEIMOCPEICTBEHHO TPOBEpUTH, 4To jBe dbopmyasl — (26.5) u (4.6)
(ér = [w, ex]) — upuBoAAT K COBHAJAOIMM pe3ysabraraM. JToT (BHaKT ecTh eIng
OJIHO JOKA3aTeJbCTBO CYIIECTBOBAHMA YIVIOBOW CKOPOCTH W B jemme 4.1.
CoorHorenne (26.2) Hak/IaJpiBaeT MIECTh YCJIOBHHA HA JIEBATH SJEMEHTOB (g

marpunbl A = |Jag||:

3 3 3
2 2 2 _
E aj, =1, E ay; =1, E az, =1,
=1 =1 =1
3 3 3
E ayaz; =0, E ayiaz; =0, E aziaz; = 0.
—1 =1 =1

Takum 06pa3oM, CymecTBYeT NPpUHINIAATbLHAS BO3MOKHOCTD TPH JJIEMEHTA U3 JIe-
BATU Qg UBMEHATD IIPOU3BOJIbBHO, a OCTaJIbHbIE IHECTb BbIPA3UTb (.HOKaJIbHO) u3 1Hpu-
BeJICHHBIX ypaBHeHuil. Ilim — Bce J1eBdITh BHIPA3UTh Yepe3 HEKOTOPbIe TPHU MEePEMEeH-
uable. O1HA U3 TaKWX BO3MOYKHOCTEI OCYIIECTBIISIETCS BBEIeHNEM YTJIOB Diijepa.

Bazuc cucremsr orcuéra iy, i, i3 1 6a3uc €y, €, €3, CBA3AHHBIN ¢ TEJIOM, OTJIOKIM
ot obrmeii HauaabHO# Toukoit O (puc. 26.1, opT €y He u300pakéH). Yribl Ditrepa
BBOJISITCS KAK YIJIBI MeKJIy BEKTOpaMu (N — OpT Ha JMHUHU y3710B: nlis, nles):

0 = ig,,//Eg — YTOJ1 HyTalluu;

1) = i1, N — yroJ Ipeneccuu;

© =1, € — yroj co6CTBEHHOIO BPAIEHNUSI.

OrmeTnM, 9TO KOHKPETHBII BBIOOD YIJIOB 6, 1), ¢ OJHO3HAYHO OIIPeIesIeT IOJI0-
JKeHHe Tesa, HO eCJIU MOJTOKEHHI0 TeIa COOTBETCTBYET KOTNHEAPHOCTh BEKTOPOB i3
neg (0 =0wum b =7), T0 HE eAMHCTBEHHBIM 00PA30M OIPE/IeJIeHbl JIMHUS Y3JI0B
U 3HAYEHUST YIJIOB Y U (9, TO eCTh yIJIbl Jiljiepa He SIBJISIOTCS TI00AJIbHBIMEA KOOP-
nuHaraMu. HecMoTps HA TO, 9TO HErVI00AIBLHOCTD MPOSAB/IAETC “TI0 Mepe HYJb; 3TO
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0BCTOSITETLCTBO MPOSIBIISIETCSA B CHHTY/ISPHOCTH HEKOTOPBIX ypaBHEHWii (cM. Jasee

(26.9)).

—
Puc. 26.1
e§ AI’3
e
o) L

1, Y+

Puc. 26.2

Teopema 26.1. IBépaoe Tes10 MOXKHO NMPHBECTH B IIOJIOZKEHHE, COOTBETCTBYIOIEe
yriaaM Diiepa 0, 1, @ AByMs IOBOPOTAMH:

1. Bokpyr i3 Ha yroua { + p;

2. BOKpyr n Ha yroJ 0.
U [lepBsorit moBopoT moOKa3aH Ha puc. 26.2. €] U €5 — IPOMeKyTOUHBbIe MOJOXKEHHS
OPTOB. ¥YTOJI ¢ OTHOZHAYHO 3a/IaT MOJI0KEHNEe OpTa N, KOTOPBIil OIlpe/ie/igeT BTOPOit
IIOBOPOT M OKOHYATETbHOE To0keHne Teta (puc 26.1). W

Vel Ditiepa 3a1a10T CJI0KHOe Bparenue resia (§ 11): mepBast OBUKHASL CHCTEMA
COBepIIaeT YUCTOe Bpamienue (omnpejenerue 11.2) ¢ yrioBoil CKOpOCThIO wy = ¢i3,
Jpyras I10JIBUKHAS CUCTEMa COBEpIIAeT YUCTOe BpAIeHHe OTHOCUTEJbHO I11ePBOii
C YIJIOBOI CKOPOCTHIO Wy = Hn, Te/J0 COBEpImaeT YUCTOe BPAIEHNE OTHOCHTETHHO
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mocJIe/THeil MMOJBUKHONW CUCTEMBI C YIJIOBOW CKOPOCTBIO w3 = @es. [lo Teopeme 9.1
abCcoJII0THAsI YIJIOBAsi CKOPOCTh TeJjla paBHA:

w = iz + On + ges. (26.6)

Boraucaum koadpdunuentsr p, g, r pasjiokenus yrjoBoit ckopoctu 1o 6as3ucy, cBsi-
3aHHOMY C T€JIOM:
w = pe; + qes + res. (26.7)

Js1 BeIuuCIeHust, HanpuMep, Kodddurmenta p rpedyercst hopmyity (26.6) ckasp-
HO YMHOKUTH HA, €1:

p = (w, el) = "Lb(ig, el) + 9(n, el) + gb(eg, el).

Onyckas BLIYUCTEHNE CKATSIPHBIX MPOU3BEJEHUIT, BHITUIIEM Pe3YIbTAT /I P U JIJId
Jpyrux Ko3hpuimeHTos q, r:

p = ¢sin95ing0+9cosg0,
q Y sinf cos p — fsinp, (26.8)
r = 1cosf+ .

Ypasaenust (26.8) Ha3BIBAIOTCS KUHEMATUYECKUMHU ypaBHEHUAMH Diijepa.
[Tocsie paspelienuss OTHOCUTE/IbHO LIPOU3BO/IHBIX YPABHEHUS] CTAHOBATCH CUCTEMOI
OOBIKHOBEHHBIX JudpepeHiajibHbIX YpaBHEHUT B HOPMAJILHOM BH/IE:

. 1
Y = (psingp+qcosp)—7y,
. sin ¢
. (26.9)
0 = pcosp —qsiny,

$ = (psing + qcosp)ctgh.

Ob6pamaeM BHEMaHHe Ha ODEIIAHHBINA Sinf B 3HaMeHATEIe.
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§ 27. AJITEBPA KBATEPHIIOHOB

HamoMHUM TIOHSITHE KOHEYHOMEPHON ajreGpbl HAJI MOJEM BEIIeCTBEHHBIX YHCes |7,

ria. VI|. B auHeiiHOM BEKTOPHOM MPOCTPAHCTBE ¢ GA3UCOM i, ..., 1, U dJIeMeHTaMu
n n

A= > Mgy, M = > iy (Mg u [ — BEIECTBEHHBIE YHCJIA) ONPEJIEJEHO YMHO-

k=1 =1
kerne A o M. Ouepanuu CJI0KEHUST U YMHOXKEHHs] CBSI3aHBI PACIIPEIeTUTETHHBIM

(muctpubyruBabiM) 3akoHOM A o (M + N) = Ao M + A o N, BcaeacrBue KOTOPO-
n
ro Jijisl IEPEeMHOZKEHUsI JIBYX 37eMeHTOB BhinosHgercs: A o M = > Appyix o i, To
k,1=1
eCThb, JJIsl BBEJEHUS YMHOXKEHUSI B BEKTOPHOE IPOCTPAHCTBO TPeOyeTcs ONpeaenuTh
TabJIMIYy YMHOXKeHHUd i o i;. BBejgéunoe TakuM 0Opa3zoM MpOCTPAHCTBO HA3BIBAETCH
aarebpoii.

Anrebpa KOMILIEKCHBIX YHCEJ — JIBYyMEPHOE BEKTOPHOE HPOCTPAHCTBO € dJIe-
menTtamu A = A\gip + A1y u Tabauneit ymuoxkenus ig o iy = ig, ig 0 iy = iy, i; 0ig = iy,
i; 0i; = —iy. I3 npuBenénnoil TaOINIBI BUIHO, 9TO OA3WCHBIN 3JIEMEHT ig Urpaer
pouib equauIbl (Aoig = igo A = A), o oroxaecTBIsIETCS ¢ euHUIEeH 1 U Ipu yMHO-
JKeHnn omyckaercsa: A = \g + A\ji;. Basucuslii a;memenT i; = i Ha3BIBAETCS MHUMOIL
eauHuAnel: ioi = —1.

Anre6pa xBaTepHHOHOB |4, 7| siBiisiercsi 06061eHneM agre6phl KOMIIJIEKCHBIX
quCeI. DTO YeTHIPEXMEPHOE BEKTOPHOE MTPOCTPAHCTBO ¢ DA3MCOM ig, i1, i, 13. Tax ke,
KaK y KOMILIEKCHBIX 4YHCeT, OA3UCHBIN 7eMeHT ig urpaer posb exuaunpl (A o iy =
ip o A = A), on oroxaecTBisierca ¢ eauHUIeil 1 ¥ NP YMHOKEHUH OILYCKAETCS:

3
A = X+ Y Mig. s upounx Gasucubix snaementos (k, [ = 1, 3) B Tabnune

=1
VYMHOZKEHUA MMPUHUMACTCA

-1 k=1,
ik o il = . ’. ec ’ (271)
lig, 1], ecam k # 1.
st kBaTepHUOHA
A — )\0 + )\1i1 ‘I— )\2i2 + /\3i3 — /\[) + A (272)

UCIIOJIL3YIOTCH HA3BAHUS: \g — CKaJgpHAd 9acTh, A = A1i; + Aoip+ A3i3 — BekTOpHAs
gacTh kBarepHuona. C yuérom (27.1) KBaTepHHOHHOE YMHOKEHHUE JIBYX KBATEPHUO-
HOB

A =X+ My + Aoip + Aziz = Ao+ A, M = po + paiy + poiz + psiz = po + p
IPUBOJAUT K Pe3yJILTATy

No M = Xopo — (A, ) + Aopt + fioA + [A, pl. (27.3)
CKaJ'IS{pHaS{ YacThb BeKTOpHaﬁ qaCTh

OrmeTnM, 9TO KBATEPHHOHHOE YMHOYKeHNEe HEKOMMYTaTHBHO, 3 (27.3) ciaemyer

AoM —MoA =2\ p (27.4)
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[IpuBeIEM HECKOTBKO 9aCTHBIX caydaes dhopMyint (27.3). KpaTepunonnsiii KBapar:
3
AP =Ao A== A +2X\ (27.5)
k=1
Ksarepuuonnoe npoussejierune BeKTopoB (Ag = 0, pg = 0)):
Aop=—(A p+ A pl (27.6)

KBaTtepuunonublit KBaJpaT BeKTOpA:
3
Aod==) A =—]A" (27.7)
k=1

Ksarepuuonnsiii KBajpar opra (|e| = 1):
eoe=—le|* = —1. (27.8)

13 (27.8) Bugno, 410 JI11060# OPT € BEJET cebst ¢ KBATEPHHOHHOI TOYKH 3PeHHs KaK
MHUMAasl € [MHUIIA.

[To dopmyme (27.3) mpoBepsieTcst aCCOMUATHBHOCTD KBATEPHHOHHOTO yMHOZKE-
HUS:

(AoM)oN=Ao(MoN,). (27.9)

IMpumep 27.1 |12, 3amaua 4.61]. Pemurh kBaTepHHOHHOE KBaJIPATHOE yDaBHEHUE
A® +2bA 4 ¢ =0,

b u ¢ — geiicreurenbubie uncia. [logcranoska A% 3z (27.5) u A B ypaBHeHue, npu-
paBHUBaHUE K HYJIO BEKTOPHON U CKaJAPHONA 4acTeil HIPUBOJUT K ypaBHEHUAM

22 Ao +0) =0, A —|A* +2bX\g+c=0,

13 KOTOPBIX CJIeAyeT BBIBOJ:

upu ¢ = b? ejuncrsennoe ckajgpuoe pemrenne A = \g = —b;
npu ¢ < b? aBa cKaagpHBIX pemenns A = \g = —b & /b2 — ¢;
npu ¢ > b? pemrennii 6eCKOHEIHO MHOTO, \g = —b, BEKTOpHas 9acTh — 000

BEKTOD A, JI/Id KOTOporo Bhinosnserca |A[* = ¢ — b2,

Ksarepuuony A = )y + A coOTBeTCTByeT CONMPSI>KEHHBINT KBAaTEepHUOH A =
Ao — A. OTMeTuM CBORCTBO, KOTOPOE OyIeT UCIIOIL30BAHO JIajee:

{A - —7\} S{A=X (A=0)}. (27.10)

OrmeTHM emé OJHO CBOHCTBO, IIPOBEPSEMOe O ONMPEIeJIeHNIO COMPSKEHHOIO KBa-
TePHNOHA (ydTeHa aCCONUATHBHOCTD (27.9))

—_ ~

Ao---oN,=A,0---0A,. (27.11)
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ITo dbopmye ymuoxenns (27.3) onpejensercs HOpMa KBATEPHUOHA:
A =AoA=AoA =2+ +A+A (27.12)

13 KOTOpoii cejyer, 4To joboii kpatepuuon A # 0 mmeer obparubiit (A™' o A =
AoA™t=1)
1 ~

'
IA]

J1jist pou3BeieHNsI KBATEPHUOHOB BBIIOJIHSAETCS (JO0KA3BIBACTCS IO OIPEIeJIEHHIO
(27.12) HOpMBI)

A (27.13)

[A o M| = [IA|[ | M]]. (27.14)

J1/1ss HOpMUPOBAHHOTO KBATEPHMOHA BbIIOJIHSIETCS
A =AoA=AoA=X+X+X+A\=1 (27.15)

U3 (27.14) caemyer, 9T0 MHOKECTBO HOPMUPOBAHHBIX KBATEPHHOHOB — HOJAIreOpA.
13 dbopmymsr (27.13) caemyer, 9To jjist 0OPATHOrO HOPMHPOBAHHOMY KBATEPHUOHY
BBITIOJTHSAETCS

A=A, (27.16)

Kaxk BbiTekaer u3 onpejesnenus (27.15), 1jisi HOpMEPOBAHHOIO KBATEPHUOHA CIIPa-
BeTMBO |Ag| < 1, TO €CTh, A\g MOKHO BBIPA3UTh 4€PE3 YroJl ¥

Ao = Cos g,

JIIsE IPOYUX KOI(DPUIIMEHTOB BBIIIOJIHAETCSH

)\f+)\§+>\§:1—cos2§:sin2§.

Taxum 06pa3oM, HOPMUPOBAHHBII KBATEPHUOH MOZKHO TTPEJCTABUTD CJIEYIONAM 00-
pasom:

A:cosg—l—esing, € — opr. (27.17)
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§ 28. CJIO2KEHUE ITOBOPOTOB.
ITAPAMETPbBI POAPUTA-TAMNJIBTOHA

[Ipu moMoIu HOPpMUPOBAHHOTO KBAaTEPHUOHA 3aTAETCA MOBOPOT TPEXMEPHOTO TPO-
CTpaHCTBA.

Teopema 28.1. [Tycrs 3ajaH HOpMHPOBaHHBIH KBaTepunoH (27.17). Toraa omepa-
must (yarena acconparuBHOCTh (27.9))

AoroA=r" (28.1)

HaJI IPOU3BOJBHBIM BEKTOpOM T (A — KBarepHmHOH, conpskénnbiii (27.17)) npuBo-
JIUT K BEKTOPY T, KOTOPBII eCTh pe3y/ibTal 1I0BOPOTa BeKTOPa T BOKPYI' BEKTOPA €
Ha yIoJi .

O B upocrom ciay4vae r|le yrsepxiaenue teopembl Bejejgcrsue (27.4) u (27.15) oue-
BugHo: AoroA =roAoA =r. [lanee nupeanosnaraerca (e, r] =b # 0, b = rsiny
(puc. 28.1).

Puc. 28.1

Beeném Bekrop a = [b, €|, a = b = rsin~y. Tpu BekTopa a, b, € — npassiii opToro-
HaJbHBIN Ga3uc. BeKTop r packaajabiBaeTcs M0 3TOMY OA3HUCY CJEAYIONUM 00pa3oM
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r =a+r, (puc. 28.1). YrBepKIeHEE, KOTOPOE HYKHO JOKA3ATH, IIPU HOMOIIH BBe-
JIEHHBIX BEKTOPOB (bopMysmpyercst ciejytomum obpasom (puc. 28.1):

r'"=r.+c=r.+acosp+ bsinp.

[Iponenaem HEOOXOIUMBIE IS JTOKA3ATEILCTBA BLIUUCICHUS

1
—~ =

r*=AoroA =Y (roA+2[esin§, r])oK:rvoK—l—QboKsing:

=r+2bo (cos%—esin%) sing =r+bsinp —a(l —cosp) =

=r— bsinp.
r a+51cosg0);|— sin ¢

Te c

Kpome BBenEHHBIX paHee 0003HaYeHNiT yaTeHo, 910 (cM. (27.6))
boe= —(b,e)+ [b,e]=—([e, r|, e) + [b, e] = [b, €] = a.

PaCCMOTpI/IM CUTyalluIO ABYX MOCJI€JOBATEJIbHBIX ITOBOPOTOB.
A M
r — I'* eI I'**,
N=? *k

r ——r

Ksarepunon A npu nomomu (28.1) nepeBoauT 1pou3BOJIBHbIH BEKTOP I' B BEKTOD I,
Kearepnuon M nepesoaut BekTop r* B BekTop r**. Haiitn kBarepnnon N, nepeso-
Jsmnii ipu momoru (28.1) BekTop r B BekTOp ', 113 (28.1) caremyer: r* = AoroA,

r**:Mor*oM:MvoroKoM(zgl)Mvoro]\m:NoroN,

rie obosuaueno N = M o A. Takum 0Opa3om, JiBa MOCJIEI0BATEIBHBIX TTOBOPOTA —
nepBblil, 3a7aHubii A, BTOpOIi, 3aganubiii M, — MOXKHO 3aMEHHTH OIHUM, 3aJaH-
ubM 1pu nomornu (28.1) kearepuuonom N = M o A. Tlo uHIYKIUE JOKA3BIBAETCS
dopmyaa B ob1eM caydae: n IOCJIeI0BaTeTbHBIX TTOBOPOTOB

Al An *

3aMeHAI0TCAd OJHHUM

3aJIaHHBIM Ipu nomonru (28.1) KBaTepHHOHOM

N=A,0---0A;. (28.2)
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Ob6pamaem BauManue, 9To “rpopubl” Aq, ..., A, IOBOPOTOB pacmoao:KeHbl B dOp-
myJie (28.2) B 0OpaTHOM HOPSIJIKE.

Teopema 28.2 (JI. Diinep) [6, § 6]. /IBa mosoxkenuss TBEPIOro TeIa ¢ HEMOBUXK-
HOI TOYKOH MOTI'yT OBITH 1I€PEBEJeHbI OJHO B JIPYyTIoe MOBOPOTOM BOKDYI' HEKOTODOI
ocw, 3ajaHHOH BeKTOpoM K, Ha HEeKoTOpBIH yroua [3.

U [Tyctb ma puc. 26.1 6a3wuc iy, is, i3 ¢BsI3aH ¢ OJHUM TOJIOKEHUEM Te/1a, DA3UC €1, €3,
es3 — ¢ apyrum. Teopema 26.1 yTBepKIaeT, 4TO MEePBOE MOJIOKEHUE Tejla MOKHO Iie-
PEBECTH BO BTOPOE JIBYMs MOBOpOTaMU. B 3i171€pOBBIX yIlaX 3TUM JIBYM TTOBOPOTaM
B cooTBeTcTBUE ¢ (bOpMyJIoit (28.1) MOXKHO COMOCTABUTD CJIEIYIONIIE KBATePHUOHDI
Y+e .Yt 0 ,

+ i3 sin 5 A2:C055+nsm—.

2

Ay = cos

@opwmyJs (28.2) u (27.3) onpezensior kBarepHuon N, 3a1a01uii pe3yIbTHpY oIl
OBOPOT:

N:A2oA1:COS§COS¢+¢+
(28.3)
+i3COSQSin+SO+nSiH€COS¢+@+[n ig]sin—sinw—ﬂo.
2 2 2 2 ’ 2 2

Takum 00pazoM, ecau OHO TOJIOZKEHUE Tesla 33JaH0 OTHOCUTETHHO IPYTOro MOJTOZKe-
HUS YIJIaMu Ditiepa, TO /I COBMEIIeHNS MOJ0KEeH HYZKHO OCYTIEeCTBUTH TTOBOPOT
BTOPOTO TIOJIOYKEHUST HA yroJi (3, 3a/laHHbIl ypaBHEHUEM

6
CO8 o = €08 ; €08 4 ;— 90, (28.4)
BOKPYT BEKTODA
6 6
k = i3COS§Sinw;(p +nsin§cos¢;¢ + [n, ig]sin§sinw—;gp.

Eciu BbIpasurh opr N uepes oprel ip, iz, i3 (puc. 26.1): n = i; cosy + iysine), —
W MOJCTABUTH TO BhIparkeHue B (28.3), MOIy9InM pe3yabTHPYIONIMIA KBATEPHUOH B
6ostee mpuuaTOM BHIE [8, 3.6]:

0
N:AQOAlzcosécosw;go—i—
0 — 0 — 0
—|—ilsin§COSw 5 g0%—igsin§sinw 5 @+igcosésinw;—(p.

J1s1 coBMelennst Hy»KHO MOBEPHYTH Tes10 Ha yros 3 (cm. (28.4)) BOKpyr BeKTOpa

- 7 - 0
w2w+igsin§sinw2Sp+i3(:os§sinw;_¢. (28.5)

. . 0
kzllslnicos
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ITpumep 28.1 [12, 3amaua 4.71]. TBépaoe TeI0 cOBEPIIAET PErYAAPHYIO MPEIECCUIO
(onpesenenue 10.1, puc. 10.1) ¢ napamerpamu: ¢ — yron myTamun, wo™" = @ —
yTJI0Basg CKOPOCTH COOCTBEHHOrO Bpallenus, w™P = 1) — yrioBas CKOPOCTh Ipenec-
cun. CBsI3aTh HAYAJIBHOE M KOHEYHOE II0JIOZKEHHS TEJIa HOBOPOTOM Ha YIoJi (3 BOKPYT
BeKTOpa K.

Basauy pemaer mojcTanoBka B (opmysbl (28.4), (28.5) Beipaxenuii ¢ = w
Y = w™Pt. B cayuae npumepa 10.1 — KoHyC KaTaercs: 1m0 MJIOCKOCTH 0€3 MPOCKAJIb-
sbiBanust (puc. 10.2) — mapamerpbl PeryJsipHOil Mpereccud MOXKHO yKa3aTh KOH-
Kperreii: § = a + /2, WP = Q, W™ = Q/sina. B [12, 3agaua 4.71] nusg Konyca
yTouHsieTcs o = 7 /4.

OTHt
Y

Hopmuposanusiii kBarepunon (27.17) mpu nomorm reopembl 28.1 npeoctaBisier
BO3MOZKHOCTD 33/IaTh OPHEHTAINIO TeJIa OTHOCUTETBHO CUCTEMBI OTCUETA:

er = AoigoA. (28.6)

Ksarepumonnoe ymmozenue (28.6) ciesa na A, cupasa ma A ¢ yuéTom (27.15) npu-
BOJUT K COOTHOIIEHHIO

ir = AoeyoA. (28.7)
Ksarepuuonnoe ymMHOXKeHHE HOPMHUPOBAHHOI'O KBATEPHUOHA
3
A=+ Ay (28.8)
k=1

cnesa Ha A, cpaBa Ha A

3
AvoA:)\OAoAJrZ)\kAoikoA

1 1 k=1 o

3
¢ yaérom (27.15) u (28.6) mpuBoauT K BhIpaxkeHuto A = A\g + Y Ay€y, U3 KOTOPOro
k=1
cJeflyeT, 9ro ecyu jpa basuca cBs3aubl 110 dbopmyse (28.1) HOpMUPOBAHHBIM KBa-
TEePHUOHOM A, TO 3TOT KBATEPHUOH PACKJAILIBACTCSA MO BEKTOPAM THX 0A3UCOB €
O/IMHAKOBBIMH KO MUITHEHTAMI Pa3I02KEHUSI.

13 dopmyn (28.6) u (28.8) ciemyer: st TOro ITOOBI 3HATH B KAYK/BIil MOMEHT
BpeMeHH  OPHEHTAIMIO Tesa — IOJOKEeHHE CBA3AHHBIX C TEJIO OPTOB €1, €3, €3 —
HY?KHO 3HATHb Y€TBIPE THCJIA Ao, A1, A2, A3. DT ducjaa — KOIDDUIMEHTH pa3Jio-
JKeHnst KBarepHuona (28.8), 3amatomiero o dpopmysie (28.6) mosokeHusi OpToB €,
ey, €3, — HaszbIBalOTCa mapamerpamu Poapura—TamMuabrona. 3agaTh IBUKCHHEE
Tesia (C TOYKU 3peHus] OPUEHTAIMN) — 3aJIaTh YeThipe CKATAPHBIX (byHKIUU Ao(t),
A1(t), Aa(t), As(t).

Bepuémcst K curyanuu 10c¢/ie/loBaTe/ibHbIX II0BOPOTOB

P P
A=Xo+  Agig M=po+  prex
. k=1 k=1

1z € n;g.
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Ksarepunon A onpenenén B 6asuce iy, CBA3AHHOM ¢ CHCTEMON OTCYETa, U B KasK bl
MOMEHT BPEMEHU 33/1a€T MOJIOKEHUE HOJBUKHONM CUCTEMbl — HEPEHOCHOE J[BUZKE-
nue. Kparepuuon M onpejesnén B Oa3uce €y, CBA3aHHOM C MOJIBUZKHON CHCTEMOIA,
U B KazKJblii MOMEHT BpPEMeHH 3aJaéT OTHOCHTEIbHOE JIBUXKEHHe TBEPIOro Tena (¢
TOYKHU 3PEHUsI OPHEHTAIMH ) — HOJIOZKeHue 6as3uca Ny, CBA3aHHOTO ¢ TesioM. PopMmyiia
(28.2) maér oTBET Ha BONPOC, KAK CBA3aTh 0A3UCHl i u ng: N = M o A. YMHOXKe-
HUE 3aTPY/HEHO, TaK KakK KBarepHuonbl A m M onpejeneHbl B pasHbIX Oa3ucax.
[Iponenaem no dopmyie (28.6) mepexoxn B kBarepunone M K Gasucy i:

3 3

k=1 k=1
M*
N 1
3 ~
=Ao M0+Zukik oAoA=ANoM".
k=1

Karepuunon M* naspiBaercsi COOCTBEHHBIM KBATE€PHUOHOM 110 OTHOIIEHUIO K M

3 3
k=1 k=1

— K03 PUIHEHTHI pa3I0KeHUsI 0 0DA3UCY €y MPUIUCHIBAIOTCA UCXOTHOMY OA3HCY i.
[To unyknuu nostydennas: popMmyJia J0Ka3bIBaETCd B O0IIEM CJIydae: 1 1HoCJie0Ba-
TeJIbHBIX TePexo/ioB OT ba3ucy K Oasucy:

. A Ap
i, — - —5 ny
3aMEeHAdITCd OAHUM
. N
1 ng,

3aJaHHBIM 1IpH oMoty (28.1) KBaTEPHHOHOM
N=Ajo---oA’. (28.10)

Ob6paraem BauManue, 9o “rBopisl’ Aq, ..., A, nepexogoB B orimume or (28.2)

pacriosiokenbl B opmysie (28.9) B ToOM Ke MOpsijike, YTO U B MOCJIEJI0BATEIHHOCTH
3

. . . .
IepeXoJIOB, U Kaz/Iblit cCOOCTBeHHBIH KBaTepHUOH A} = Agj + kz:l Akjip TIpescTaBIen

PA3JIOZKEHUEM 110 OHOMY U TOMY K€ MCXOJHOMY Oasucy ip, i, is.
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§ 29. KNHEMATNYECKUE YPABHEHUN
B ITAPAMETPAX POAPUTA-TAMNJIBTOHA

TBépmoe Temo MeHdeT OpHEHTAIUI0, TO ecTh, mapameTpbl Poapura—l'amuabToHa
Ao(t), Ai(t), Aa(t), As(t) m nopmuposaunbiii kBarepuuon A(t) — dyuxuuu Bpe-

menn t. Jluddepennuposanue no t yciaousi Hopmuposanuoctn A o A = 1 (cwm.
(27.15)) npUBOJUT K COOTHOIICHUIO AoA+AoA = 0, U3 KOTOpOro cJjejyer
AoA = —-AoA = —AoA. Taxnm o0pa3oM, KBaTE€PHUOH AoA s CUJIy COOTHO-

menust (27.10) sIBAsIETCST BEKTOPOM:
b=AoA=—AoA. (29.1)

[Tpoauddepeniupyem no Bpemenn t ¢Bsa3b (28.6) Mex /1y 6asucamu:

ék:Aoiko/N\+Aoiko/N\(zi7)Ao/N\oekvo/N\—i—Ao/NXoekvo/N\:
b 1 1 b (29.2)
(27.9)

:boek—ekob = Q[b, ek] = [Qb, ek].

Jlemma 4.1 yTBepzKIaeT, 9TO CyIIeCTBYeT eMHCTBeHHbBII BeKTOP W YIJI0BOH CKOPOCTH
TAKOi, UTO BBIMIOJIHSAETCS €, = |w, ex]. CpaBHenue 31oit hopmys ¢ (29.2) mpuBoauT
K BBIBOJLY, 9TO, €CJIM OPUEHTANUS TBEPJIOTO TeJ1a 3a1ana Kparepauonom A(t), To jis
YIJIOBO# CcKOpocTH Bbimostasiercs (em. (29.1))

w=2b=240A = —2A0A. (20.3)

Eciu BOCIOIB30BAThCA JIJIsi HOPMUPOBAHHOTO KBarepHnona A(t) mpejcraBieHuem
(27.17) u nopcrasurs B (29.3)

i1 P ® P X ¥ P
A= - <—SlIl— ecos—> ésin —, A = cos = — esin —,
2% g Tecoy)Tesng 2 2
HOJIyIHM JIJI YTJIOBOM CKOPOCTH CJIEAYIONIUE PAa3JIOKeHHe 10 OPTOrOHAJILHOMY I10-
JIBUZKHOMY Oa3uCy:
w=ep+eésing+[e, é(1 —cosyp),

B YaCTHOCTH, €CJIM B PACCMATPUBACMBIIi MOMEHT BpeMeHH BhinoHgercs ¢ = 0, npu-
XOJIUM K JIOXOJUMBO# MKOJIHHOHN (hopmysie w = (e.

Yumuoxus dhopmyny (29.3) cupasa Ha A(t), npugém ¢ yaéToM HOPMEUPOBAHHOCTH
(27.15) kBarepunona A(t) K KHHEMATHYECKOMY YPABHEHUIO

A= %w o A. (29.3)

B upuioxkeHusix yJ00HO 3a/aBaTh YIVIOBYIO CKOPOCTh W Pa3JjioxKeHHeM 110 Gasucy,
CBsI3aHHOMY € TeqoM (cM. (26.7)):

w = pe; + geq + res.
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YII0BO# CKOPOCTH KaK KBATEPHUOHY COOTBETCTBYET COOCTBEHHBIII KBATEPHUOH (CM.
(28.9))
w* = pi; + qiy + ris,

C WCTOJIb30BaHNEM KOTOporo ypasrenne (29.3) npumer Bug (cMm. (28.10))

A= %A ow* (29.4)

WM B 1OIPOOHON 3anucu
3 1 3
Ao+ ; Aede = 2 (0 + ; Aiix) o (piy + gia + ris).

YMHOXKEeHNne KBATEPHUOHOB M TIOKOMIIOHEHTHOE TNpUpPaBHUBaHUE KOIPDUIIMEHTOR
OPUBOJIUT K KHHEMAaTHIeCKIM ypaBHeHUsIM B napamerpax Poapura-l'amuabrona

>:\o 0O —p —q —r Ao

A1 1 p 0 r  —q A

. — 29.
» ¢ - 0 p||% (295)
/\3 r q —-D 0 /\3

Jlns 31eMeHTOB KOCOCHMMETPUYIECKOil KBaIpATHON MATPHIIBl B MIPABOil YacTH JaJiee
Oy/IyT BLIBeJIeHBI TUHAMWYECKHE ypaBHEHUS Jiiiepa, KOTOPble B COBOKYIMHOCTH C
(29.5) cocraBaT 3aMKHYTYIO CUCTEMY JIJIsl HAXOXK/ICHUSI B KAK/IbIl MOMEHT BPEMEHU
napamerpoB Posipura—ITamuyibrona — opuenTanuu reJia.
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['JTABA 9
TUHAMUKA TBEPJIOTO TEJIA

§ 30. TEOMETPUA MACC

NuepTHOCTH MaTepUATBLHON TOYKHU OLPEIe/IAeT Macca: 9eM OOJIBIIEe MaCCa, TEM MEHb-
1ee yCKOpPeHue BbI30BET Y TOYKH OJ[HA M Ta YK€ CUJIa. Y TBEPIOro Tejia Mepoil mHepT-
HOCTH SIBJIZ€TCS MOMEHT MHEPIUU TeJIa OTHOCUTEIbHO OCH. TaK Kak oceil MHOro, TO
1 MHOXKECTBO MOMEHTOB HHEPIMH BechbMa MHOroobpasHo. B HacTosImem maparpa-
de maérca oTBeT Ha BOIPOC: KaKoi MHHUMAJIbHONU HHMOpMAaIeil o Tere TpedyeTcs
pacroJiaraTh 1 Kak 31oit undopmaiyeil pacnopsiuTbCsi, YTOObI BHIYUCJIUTH MOMEHT
MHEPIMH OTHOCHTEIHHO MPOU3BOJIbHOI ocu (OTBeT B KOHIe maparpada).

Puc. 30.1

CHauajia peium 10T BOIPOC /i JIIO0H 0cH, 11poxo/isdiieil yepe3 (puKCUPOBAHHY IO
touky O (puc. 30.1). CBsizkeM ¢ TeJIOM OPTOHOPMUPOBAHHBIH Oa3uc €1, €g, €3, Ha-

qa/10 KoToporo B Touke (J. Och COPHEHTUPYEM OPTOM €, PACIOJIOKEHHOM Ha OCH.
3

Opr e 3ajaauM KoI(DMUITMEHTAME (v PA3IOKEHUS € = Y . (€ 10 HA3UCy €1, €y,
e3. Kosdbduunenrs oy = (e, €;) = cos{€, €} Ha3bIBAIOTCs HAPABJIAIONIUMU KOCU-

HyCaMu, JJId HUX BbBIIIOJIHAECTCHA

3
Y ai=(e,e)=1 (30.1)
MowmenT uHepiiuu [, Tejga OTHOCUTE/NIHHO OCH € oIlpejesseT ¢popMyia

Ie =Y mih}, (30.2)
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rje m; — Macca 4acTUIbl Tesa, h; — paccrosHue dactuibl 10 ocu e (puc. 30.1).
3

[Tost02KeHne 9aCTUIBL B TEJIE ONPENEJNM PAJUyC—BEKTOPOM I; = Y Tijk€). 110 Teo-

k=1
peme [Iudaropa cnpasegiuso pasenctso h? = r? — (r;, €)? (puc. 30.1), ¢ yuérom

KOTOpOro U caeacteusa 1 —af = a3+ a3, 1 —a3 =af + a3, 1 — a2 = o + a3 u3

(30.1) st momenTa unepnun (30.2) BIIOIHSIETCSE
I = Zmihf = Zmi {r? —(r;, )} =
= Z m; {($?1 + $122 + .’B?g) — (1‘1‘1&1 + paYe%) + $i30{3)2} =
= ozf Z ™m; (@22 + :Uf3) + ozg Z m; (xfl + x%) + ozg Z m; (xfl + xf2) —

—201 9 E M;Ti1Ti2 — 2001003 E M;Ti1Ti3 — 200003 E m;Ti2Z;3.

[TocJie BBeieHMst 0003HAUEHUIT /151 MOMEHTOB WHEPIINHA OTHOCUTE/IHHO OA3UCHBIX OCeii
€j, CBI3aHHBIX C TEJIOM:

I, = Zmz (me + m%) , Iy = Zmi (:13221 + xfg) , I3 = Zmz (a:?l + :13222) , (30.3)

—u I_IeHTpO6e}KHBIX MOMEHTOB MHEPIINN:

Ly = Iy =Y mizazo, Ly = I3 = Y mzinxis,

! ! 30.4
Iy3 = I3 = Zmixwﬂfiz, ( )

— noyduM (hopMyJTy IS MOMEHTa MHEPIUU TBEPJIOTO Tejia OTHOCUTEHHO ITPOM3-
3

BOJIBHON OCH, 33JJAHHON OPTOM € = » | (}€:
k=1

3
Ie =) I} =2 Iuaya. (30.5)
k=1 k<l

Eciu K HeKoTOpoMy 00bEKTY OTHOCHMCS KaK K MaTpHie, To OyjieM 0003HadYaTh ero
CTEYIONUM 0Opa3oM

d= o (30.6)

CO BCEMHM BBITEKaIOIIUM U3 3TOI'O MaTPUYHBIMHU ITOCJIEACTBUAMU, HAIIpUMED:

2
aq 10 (103
Gd=a+as+ai, ail =|ma ol o
Q30 (309 Oj%

OUéT = (Oél (0] Oég) 5 d
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Beeném cummverpuunyio B cuity (30.4) maTpuiry

y L =Ly —I
I=|-In L —Iy (30.7)
—I31 —I3 I3

kBajparnanoii dhopwmbr (30.5) — Terzop mHeprwmu. Torna dbopmyny s MOMeH-

Ta WHEPIIUHA TBEP/IOrO Tejld OTHOCUTEJHHO IMTPOU3BOJIBHON OCH, 33/IAHHOI OPTOM € =
3

> g€ MOKHO, uCHOJB3Ys 0bo3nadenus (30.6), (30.7), 3anucarb cieayonmm Kom-
k=1
HAKTHBIM 00pa30M:

I, =a"la. (30.8)

MoMeHTBI HHEPIIHT OTHOCUTETHHO BCEBO3MOXKHBIX OCEll, ITPOXO/IANINX depe3 TOU-
Ky O Tena, HAIISIHO M300PaZKAOTCA MPH IIOMOINK JLIAIIcOnAa mHepruu. KoH-
KPETHYIO OCh 3aJIa/IAM He OPTOM €, & BEKTOpOM a = e/ V1, rae I — MOMeHT uHepIun

3
orHOCHTENILHO 910l ocu (puc. 30.1). Bosee noupobuo (¢ yuérom € = > apex):
k=1

3 3
e (a3 677
VI > 7ok D ke Uk NG (30.9)

Bamennm B coorBercTBui ¢ (30.9) mepemenusie oy B (30.5) Ha mepemenusie yy,. [Toce
cokpalienus Ha [ 1OJly9uM ypaBHEHUE, KOTOPOMY JIOJI?KHBI YIOBJIETBOPSTH KOOP/ U~
HaTbI Yk KOHEYHOUI TOYKH BEKTOpa a:

3
k=1 k<l

— ypaBHeHHUe MOBEPXHOCTH BTOPOTO MOPSIKA.

Puc. 30.2
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ITo MOCTPOEHHIO TTOBEPXHOCTH MOIKHA GBITh orpanmdaennoii (I > 0, 1/v/I < o), a
eJINHCTBEHHOM TAKOM MOBEPXHOCTHIO BTOPOTO MOPsiJIKA SBJISIETCsI SJUITHICOU, |3, riia-
Bl I, IX]. Takum obpasom, ecin Ha KazxKJoii ocu, npoxojsimei depe3 Touky O,
OTJI0KHUTE (B 06€ CTOPOHBI) OTpe30K Betmaunoii 1/v/I, To KOHedHbIe TOUKH TAKIX
OTPE3KOB PACIIOI0KATCS HA IMOBEPXHOCTH JJIIHIICOUIA C IEHTPOM B Touke O — 3J1-
muncousa uneprnuu (puc. 30.2). O6paruo: ecau st Touku O U3BECTEH SJLTHIICOU]T
UHEPIUHU, TO JIJIsi HAXOZK/IEHUs MOMEHTA MHePIuu | BOKPYT KOHKPETHOW OCH HY K-
HO U3MEPUTH AJIMHY OTPE3Ka, Ha4daJlbHad TOYKa KOTOPOI'O O, KOHE€YHad — TOYKa
nepeceveHusi OCU ¢ SJLIUIcon oM. M3mepennas jiuna pasaa 1/ V1.

BrIO0pOM CBSI3aHHOTO € TEIOM U € HA4aJIoM B Touke ) OPTOHOPMHPOBAHHOTO Ha-
3uca ey, €q, €3, ypastenue (30.10) MOKHO yIPOCTUTH — MPUBECTU K KAHOHHYECKOMY
suny |3, raassr 111, IX]:

3
> Lyi=1, (30.11)
k=1

OPTHI €1, €9, €3 HallpaBJICHLI IO OCAM CUMMETPUU SJIJIUTICOUJa WHEPIUN. BOSBpaT B
(30.11) x xoopauuaram oy opra e (cm. (30.9)) mpuBomutr Kk dbopmyie

3
Ie =) I}, (30.12)
k=1

cpaBHeHHe KOTOpoii ¢ obmieil hopmysioit (30.5) TPUBOANT K BBHIBOLY, YTO, €CJIH OPTHI
€1, €y, €3 6a3uca HAIpaBJIeHbl 110 OCAM CAMMETPHH SJUTHIICOMIAa WHEPIUH, TO BCE
eHTpoOeKHBIe MOMeHTh nHepinu (30.4) paBHbI HY/TI0. BepHo u obpaTHOoe: ecn B
HEKOTOPOM Dasuce Bce neHTpobekHble MoMeHThl nHepiun (30.4) paBHBI HYJIIO, TO
Bosspar or ¢opmyiasl (30.12) k dopmyse (30.11) npuBoIUT K BBIBOJY, YTO OPTHI
fa3nca COPUEHTHPOBAHBI 1O OCAM CHUMMETPHH JLIUIICON/IA WHEPIWN.

Omnpenenenune 30.1. Ocu cumMeTpun SJIRIICONIA HHEPIHH B TOYKe () HA3BIBAIOTCS
IIABHBIMEI OCAMU MHEPIUH B Touke (). IKBUBAJCHTHOE ONPE/Ie/ICHNE: TJIaBHbBIE
OCH MHEPHUM — 3TO0 KOrJa B OPTOHOPMHPOBAHHOM 0Aa3UCe, OPUEHTHPOBAHHOM IIO
TUM OCSIM, BCe MeHTpobe:kHbie MOMeHThl uHeprun (30.4) paBubl Hymo. Och (oaHA
0Cb), OPHEHTUPOBAHHAS 10 OPTY €3, HA3BIBAETCS TJIABHON OCHI0 MHEPIIMHU B TOUKE
O, ecau OHa €CTh OChb CUMMETDPUH 3JLIMIICOUIA MHEPIMH WM UpH JI000M BbIOOpE
nByX apyrux oceil ermosagerca I13 = 0, Ir3 = 0. Ogna €3 u3 Tpéx TIaBHBIX Oceil
MHEPIUH HA3LIBACTCA OChIO JUHAMMUYECKON cmMMerpun B Touke O, €C/in 3JUIHI-
consi mHEpIHH B Touke O eCTh SJLINICONL BPAIIECHIE BOKPYT 3TOH OCH, TO €CThb, JIJIsI
MOMEHTOB HHEPIUH BOKPYT ABYX APYIHUX LJIABHLIX Oceil Bernoangerca [, = Io. Tlioc-
KOCTb, IePIeH UKy IapHasg B TouKe O 0CbI0 JUHAMUYECKONH CUMMETPUH, HA3LIBACTCS
9KBATOPUAJIBHOMN IJIOCKOCTHIO. [y1aBubie ocu nnepnun B nentpe mace C' rea Ha-
3BIBAIOTCS [NIABHBIMU IEHTPAJbHBIMI OCAME WHEPIIUM.

Teopema 30.1 (X. I'toiirenc, . Ilreiinep). Momentst nnepmnn I, I orHOCH-
TeJIbHO MAPAJLIeJIbHBIX OCEll, 0JIHA H3 KOTOPBIX MPOXOAUT depes nenrp mMacc C' reja,
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CBSI3aHBI (hOPMY.TOLH

I = I+ md?, (30.13)

rae m — macca Teja, d — pacCcTOSTHHE MEXKIY OCSIMH.
U /st ymoberra Berancenuii Boioepem B meatpe mace C' 6a3uc e, €y, €3 Tak, 9To

OpT €3 HAIIpaBJIeH 10 OCH, MpOXojdiieii depe3 C') a opT €y ImepeceKaeTcs C JIPYroii
3

ocbio. Torga juis paccrosiaus h; OT 4acTHUIBL TejIa Ty = Y T;x€; J0 APYToil ocu
k=1
poinosingerca h? = x4 + (v — d)?, 4To NPUBOJUT K JOKA3bIBAEMOMY De3yJIbTaTy

(30.13):

= Z mi(13 + 75) + Z md® — 2 Z miziod = I + md>.

HOCJIG,H,HHH CyYMMa paBHa HYJIIO, TaK KaK B INEHTPE€ MacCC BCE€ KOOPpAMWHATLI PaBHDLI

HYJIIO: Y MTin = mzcog = 0. B
i
OKoHUATEJILHO: /ISl BLIYUC/ICHUS MOMEHTa UHEPLIUU TBEPIOrO TeJla OTHOCHTEIb-

HO TPOU3BOJILHOI och, Tpoxosmeil depe3 Touky O, Tpedyercsi 3HATH WU TEH30]D
uneprun (30.7) B Touke O (MOMeHT HHEPIHHU BhAuCIgeTcs 1o dopmyse (30.8)) wiu
rJIaBHbIE OCH HHEpIUH B TouKe O ¥ MOMEHTHI HHEPIUH BOKPYT HUX (MOMEHT HHEPIIUH
Beruncsgerca o gopmyie (30.12)). Iasg BIYUCTICHES MOMEHTA WHEPIUH TBEPIOTO
TeJla OTHOCUTEIbHO ITPOU3BOJILHOI OcH TpebyeTcs 3HATh IJIaBHbIE EeHTPAJIbHbIE OCU
WHEPIMH ¥ MOMEHTHI nHepruu BOKpyT HuX. [To dopmyste (30.12) HaXoauTCst MOMEHT
UHEPIUH OTHOCUTEJIbHO IapaJsljieJIbHOM OCH, MPOXOJdIIeil Yepe3 IMeHTP Macc, a I0
TeopeMe 30.1 KeaeMblil pe3yabTarT.
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§ 31. KWHETNYECKAY SHEPT' YA I KUNHETNYECKII MOMEHT
I[P IBN>KEHUN TBEPIOI'O TEJIA C HEIIOABUXKHON
TOYKOIN

TBEp/I0€e TeJI0 coBepIIaeT IBUKeHNe ¢ HeroiBuzKHOoi Toukoii O (puc. 30.1). Io cres-
CTBUIO W3 TeopeMbl 4.1 CKOPOCTH TOYEK I; TeJla BhIPayKaloTcd depe3 YIVIOBYIO CKO-
pocth w 1o dopmyre (4.11): V; = |w, r;]. Benrnuuusl ckopocreii pasubt V; = hw
3
(puc. 30.1). IIpeamonaraeM, 9T0 OPT € = Y , (€ COBNAJAET 10 HAPABJIEHUIO, KAK
k=1
nmokazano Ha puc. 30.1, ¢ BEKTOPOM yIIOBO# CKOPOCTH W, TO €CTh, BHITIOTHAETCS:

3 3
w=we=uw E oper = E Wrek, Wi = Way. (31.1)
k=1 k=1

C wucnoubzoBanuem dhopmys (30.2) u (30.5) Jisi MOMEHTA MHEDPIMU U OIPE/eJICHUsT
(18.1) kuneTHyeckoit sueprun 1 MOJTyYnM BbIpaKeHUe

3
1 2 1 o o 1. 5 1 2 2
T = 2 % m; V" = 3 < % mihi) w* = 3 oW = 3 kg_l Iyog — 2 E Iyapa | W,

k<l

u ¢ yuérom cootromenus (31.1) dopmyy

3
1
T = 5 ;Ikwi - kzdfklu)ku)l, (312)

KOTOpast COJep:KUT djeMenThl [, I Tersopa wnepiun (30.7) 17151 KOHKPETHOTO Op-
TOHOPMUPOBAHHOI'O Das3uca €1, €y, €3, CBI3aHHOIO C TEJIOM, U IIPOEKIHH Wi, Wa, W3
YIJIOBOI CKOPOCTH W Ha OPTHI 3TOro 6a3uca. Ecyiu yriioBoit CKOpocTH MIpUIaTh CTATYC
matputpl (eMm. (30.6))
w1
W= Wa (313)
w3

1 UCnosib3oBaTh Ten3op uuepnuu (30.7), To dopmyny (31.2) MOKHO 3amucaTh KOM-

ITaKTHO 1
T= 5wa@. (31.4)

B cnyuae, Korjia opThl €1, €2, €3 6a3uca HalpaBJEHBI 10 IJIABHBIM OCAM HHEPIUU
(onpegeﬂeﬂne 30.1), IPUHATH 0003HAYEHHUS /I MOMEHTOB HHEPIU OTHOCHTE/IHLHO
9TUX ocell

L=A L=B IL=C (31.5)

U JJid HIPOEKIUI YyIJIOBOM CKOPOCTHU Ha 3TU OCU

Wi =p, ws=gq, w3 =T, (31.6)
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B taknx o6oznauenusax dpopmyaa (31.2) 1jisi KHHETHYECKON IHEPTUN TPUHUMAET BUI
1
2

T = - (Ap> + B¢* + Cr?). (31.7)

Jljisi KHHETHYEeCKOTO MOMEHTa (MOMEHTa UMILYJIbCA, MOMEHTA KOJHYeCTBA JIBH-
JKeHUs) TPH JBUKEHUU TeJa ¢ HemoJBuzKHON Toukoit (V; = [w, r;]) mo dopmyse
(17.1) mmeem pesysbrar

Ko = Z[% m; V] = Zmi[ri> w, ri]] = Zmi {w(r;, ;) —ri(r;, w)} .
3 3
C ucnosb30BaHUEM DA3IOKEHUH w = Y W€k, Iy = Y Tyer u dopmyn (30.3),
k=1 k=1
(30.4) cupoektupyem Bektop Ko Ha mHanpasienne opra e;:

Kl = (Ko, el) = Zmz {w1 (.%'121 + l’?z -+ 1'123) — Tl ($i1W1 + TioWo -+ .1'@,&)3)} =

2 2
= w1 E mi(%g + 95,-3) — Wy E m;Ti1Tio — W3 E m;Ti %3 = Liw — Liaws — I13ws.

“CkoHCTpyupOBaB”’ MUKJIMIECKHMHU [IepecTAaHOBKAMHU HHJIEKCOB JIBE JpPyIue MpPOeK-
3

unu, nouayunm kosddunuentsr K; pasiaoxkenus Ko = > Kj€; Kunernieckoro Mo-
Jj=1
MEHTa MO OPTaM OPTOHOPMUPOBAHHOTO 0A3UCA, CBA3ZAHHOTO C TEJIOM:

K = Lwy — Lawy — I13ws,
K2 = [2(4_)2 — [21(,01 — [23W3, (318)
K3 = I3ws — I31w1 — I30ws.

Ecyin oTHOCUTBHCS K KUHETHYECKOMY MOMEHTY KakK K IPSMOYTOJbHON MaTpHIiie
Ko=|Ky |, (31.9)

TO ¢ mcnosb3oBanueM Marpur (30.7), (31.3), (31.9) pesymbrar (31.8) MoxkHO 3amu-
CaTh B CJIEJIYIOMEM BHIE:

Ko =Iw. (31.10)
Cpasuenne dbopmyn (31.2) u (31.8) npuBoauT em@ K OJHOMY, CKOpee KYpPbhE3HOMY

pe3yJIbTary:
oT

J

Ecin opThl €1, €2, €3 6a3uca HAIPaBJIEHbI 110 TJIABHBIM OCsIM HHepIun (onpeeste-
aue 30.1), To B IpUHATHIX 0003HAYEHUAX JJ1st MOMEHTOB nHepuuii (31.5) oTHOCHTE B
HO 9TUX OCeil U JiJis mpoeKIuil yriosoit ckopoctu (31.6) Ha 311 ocu Ko3bhUIHEHTHI
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3
K; pasnoxenus Ko = ) Kje; Kunern1eckoro MoMeHTa B coorBercTsnu ¢ (31.8)

7j=1
NPUMYT CJACIYIONAN BUJ:
K1 = Ap, K2 = Bq, K3 =Cr. (3111)

s oTBeTa HA BOIPOC: KOTJIa BEKTOPBI YIVIOBOW CKOPOCTH W M KUHETUYECKOTO
momenTa Ko kosmnneapusr (puc. 30.1), BRIYHCINM X BEKTOPHOE TPOM3BE/IEHNE B
[VIABHBIX OCSIX MHEPIHN:

(S5} (D) €3
w,Kol=| p q 1r |=(C—B)grei+ (A—C)pres+ (B — A)pges. (31.12)
Ap Bq Cr

Pe3y.}IbTaT BBIYHCJIEHU IIPpUBOAUT K BBIBO/Y:

{w||Ko} < {w € (raBnag och unepnun), nanpuvep, ¢ =0, r=0}. (31.13)
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§ 32. IUHAMUNYECKHNE YPABHEHIS SMNJIEPA

TBépoe Tesio coepiiaer Jpuzkenne ¢ HenoBuzkHoN Toukoiit O (puc. 30.1). Ilpesn-
nojiaraeM, 9to B Touke O 33aH CBSI3QHHBII ¢ T€JIOM OPTOHOPMHUPOBAHHBLIT Ha3uc ey,
€2, €3, KaK/blil OPT KOTOPOI'O HAIpaB/eH 0 IVIABHOI OCH HHepunuu (OIpejeeHne
30.1). JumnaMutdecKkue ypaBHEHHs JOIKHDI CBA3aTh KHHEMATHIECKHE XaPAKTEPHCTH-
KI TeJIa W XapaKTePHCTHKHN BHENTHEro BO3/eiicTBHS Ha Hero. B ocHOBY 9Toii cBsI3m
IIOJIOZKHM 3aKOH M3MEHEHUs] MOMEHTA UMILYJIbCA (KHHEeTHIeCKOro MoMmenta) (17.4):

[IpousBomHyio OT KHHETHYECKOro MoMeHnTa B (32.1) BerdmcsanM mo Teopeme Pesa-
ns (reopema 1.1) kak ckopocth Vg Komeunoit Toukn F' Bekropa Ko (puc. 30.1).
Touka F' cosepiaer cioxuoe japuzkenue (§ 7). B mojBuxKuoit cucreme e;, €s, €3 B
JieKapToBbiX KoopauHaTtax (§ 2) ompeseseno (31.11) eé orHOCHTENbHOE JIBUXKEHUE.
[To KOOpMHATAM BBIYHCJISIETCSI OTHOCHTENbHAS CKOPOCTh TOUKH F:

V%TH = Ape1 + qug —+ C7’°e3. (322)

B nmepenocHoOM IBUzKeHHU TOYKa F' Imepemernaercs BMeCTe ¢ TeJIOM U HMeeT CKOPOCTh
VP = [w, Ko, paznoxenne (31.12) koTopoii mo 6a3ucy BHIYUCIEHO B MPEJIBIIYIIEM

naparpade
ViP = w, Ko] = (C — B)gre; + (A — C)pres + (B — A)pges. (32.3)

JI1st CKOPOCTH TOYKM B CJIOKHOM JBUZKEHWH BbIOJHsieTcd Vp = V&* 4 VTP
(em. (7.7)). IlpoekTupys ¢ y9éTOM STOr0 COOTHOIICHHS W paBeHCTB (32.2), (32.3)
ypaBHenue (32.1) HA TJIaBHBIE OCH WHEPIUH, TPUXOJAM K AMHAMUYECKUM ypaB-
HeHusM Jdiijgepa:

Ap + (C = B)gr = M,

Bq+ (A—C)pr = M, (32.4)

Cr+ (B — A)pg = Ms.
Tak kaxk npoekiun M riaBaoro momenTa Mo BHENTHUX CHJI MOT'YT 3aBUCETDH OT T10-
JIOZKeHWsl TeJia, ypasHeHus (32.4) B o01em ciydae He siBISIOTCS 3aMKHYThIMU. Tpe-
Oyercst 100aBUTH KWHEMATHYECKHIT ypaBHEHWS: W3 BBEJIEHHBIX paHee — W ypaB-
Henust Diinepa (26.9) win ypasuenus (29.5) B napamerpax Pojpura— lamuibrona.
Hanpumep, ¢ npusjiederneM yrioB Diliepa 3aMKHyTas cucrema ypasHenuii (26.9),
(32.4) ;U151 HAXOXK/ICHUS JIBUKEHUS TeJIa UMeeT CJIe/ YOI Bu/I:

Ap+ (C - B)qr = Ml(ta % 97 ®, D, 4, T'),

BQ+ (A - C)p?” = MQ(t7 wu 07 ®, D, 4, 7’),

Cr + (B - A)pq - M3(t7 wa 0) ¥, P, 4, T)J

. _ 1 (32.5)
Y= <p51n90+q(70590)._7

i sin 6

0 = pcosy — gsin p,

$ = (psinp + g cos p)ctgd.
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Henuneitnas cucrema ypaBHenuii (32.5) TpyAHO MOJJIAETCA AHAJIUTHYECKOMY HHTE-
rpupoBanuio. B "4acTHOCTH, B OJIHOPOJHOM II0JI€ CHJIBI TSIZKECTU 3E€MJIM W3BECTHBI
TPH CJIydas HAXOXK/EHHUs B KBaJpaTypax o0Iiero perrenust cucrembl (32.5).

1. Cayuaii Disiepa. ['maBubiii MoMeHT Mo BHEIIHUX CHJI paBeH HYJIIO, HaIpU-
Mep, B OJHOPOTHOM II0JIe CHUJIbI TSKeCTH 3aKpeILTiéH 1eHTp Mmacc. Cioydailt Dittepa
obcyx1éH B §§ 33, 34.

2. Caywuait Jlarpanzxka. Teso obuajaer jquHaMudeckoii cuMmmerpueil (onpeseste-
are 30.1), Ha OCH JAMHAMUYECKON CHMMETDHU PACIoJIoKeH HeHTp macc. B § 35 pac-
CMOTpEHa, peryJsipHas mnpereccusi B ciaydae Jlarpanzxa..

3. Cayuait KoBasnesckoii. Temo obagaer JUHAMHYECKON CUMMETpHeil, JI/id MO-
MEHTOB HWHEPINU OTHOCUTETHHO TJABHBIX oceil Bbimosnsiercas A = B = 2C, nentp
MACC PACIOJIOZKEH B dKBaTopuasbnoil mwiockocru (oupegesaenue 30.1). Coyuait Ko-

)

BaJieBCKO# B “KpaTkom Kypce...” He paccMaTpPUBAETCS.
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§ 33. CJIVUAN SIMJIEPA. PETYJIAPHAY ITPEILIECCUS B CJIVUAE
SMJIEPA

Cayuaii Ditnepa npeanosaraer, 9To riaaBHbiii MoMeHT (12.4) BHENTHUX CHUJI OTHOCH-
TeIbHO HeNOABUZKHON Toukn O paBeH HyJIo:

Mo = [r;, Fj] = 0. (33.1)

i
VYpaBrenus Dittepa (32.4) B 9T0M Caydae IPHHAMAIOT BU/

Ap+ (C' — B)gr =0,
B¢+ (A—=C)pr=0, (33.2)
Cr+ (B — A)pg = 0.

s snementapuoii paborsl 0A Baemaux cui ¢ yuérom (33.1) u V; = I; = |w, ry]
BBITIOJTHSETCS

§A = Z(F dr;) =Y (F;, Vi)dt =Y (Fy, [w, ry])dt =

i %

= (w, [r;, Fi])dt = (w, Y _[r;, Fi])dt = (w, Mo)dt =0
7 1

(B CMeIIaHHOM NPOU3BEJIEHUM CJIe/IaHa NUK/JIMIECKAs NEPECTAHOBKA COMHOKUTE-

neit). Takum obpasom, BeameacTBre (33.1) COXpaHSAIOTCS KHHETHYECKAsl SHEPIHsI

(em. (18.5) — (18.7)) u Benmumua KuHeTHueckoro Momenta (cM. (17.4)), aro ¢ uc-

noJb30BanneM coorHomennit (31.7) u (31.11) sanumercs ciaegyromum obpasom |9,

pasjen nepssiit, riasa IV, § 15]:

Ap* + Bqg® + Cr? = 2T = const, (33.3)
A%p? + B?¢* + C*r? = K2 = const. '
V TBépaoro Tena B cayuae Dilaepa B 3aBUCAMOCTH OT (GOPMbI JLINIICOMI HHEPIUHT
B HeHOﬂBI/I)KHOIL/‘I TOYKE BO3MOZKHBI TP BapHaHTa JABUXKEHUI.

1. Mp =0, A =B = C. Dumucouy unepuyun — cdepa, Jjodasd 0oCb — IJaBHAs
och muepnun. 13 (33.1) u (31.13) caenyer: Ko = Aw = const, w = Ky /A = const.
U3 (33.2) caemyer: p = const, ¢ = const, = const. YraoBas CKOPOCTb W MOCTOSHHA
OTHOCHTE/IHHO CUCTEMbBI OTCUETA B OTHOCUTEIHHO TeJta. Tes10 paBHOMEPHO BpallaeTcs
BOKPYT HEIOBUKHOI OCH.

2. Mp =0, A= B # C. Dn1uncoui HHePIUNA — SJTHIICON BPAIIEHUsT BOKPYT
0CH, COOTBETCTBYIOMIEi opTy €3. OpT €3 onpe/easer 0Ch JTUHAMAIECKON CHMMETPHUH.
[Lnockocrs {€1, e} — sxBaropuasbhas miockoctsb (oupegenenne 30.1). Ilycrs reay
B HavaJe JBHUKEHUsI COODIIEHa yIIoBas CKOPOCTh W MO YIJIOM (¢ K OCH JHHAMUIe-
ckoit cummerpun (puc. 33.1).
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Puc. 33.1

13 TpeThero ypaBHenus cucrteMbl (33.2) ciejyer, 4To MPOEKIHs YIIOBOH CKOPOCTH
Ha OCh JUHAMHYIECKON CHMMETPHUHU BO BpeMs JIBUZKEHUS COXPAHSIETCH:

r = const. (33.4)

13 sroro paBencTBa W M3 3aKOHOB coXpaHeHusi (33.3) cieyer emé ojuH 3aKOH CO-
XPpaHeHUusd

1
P+ q* = (2T = Cr?) = const. (33.5)

B coBokymuocTu pasencrsa (33.4) u (33.5) BJIeKyT cOXpaHeHHe BEJHIUHBI YITIOBOM
CKOPOCTH
2_ 2., 2., 92 _
w®=p 4+ q°+r° = const (33.6)

M YIJIA (0 MeZKJy YIJIOBOI CKOPOCTHIO M OChIO TUHAMUIECKOH cuMMerpun (puc 33.1)):
2 2
P°+q

tgow = ~————— = const. (33.7)
r

Beraucienne (31.11) kunermdeckoro momenta Ko TpHBOAMT K BBIBOLY, 9TO, BO-
IepBBIX, TPU BeKTOpa €3, w 1 Ko sexar B oxHoii miockoctu (3, rmasa I, § 3|:

0 0 1 s
p g r |=(B-Ap =0, (33.8)
Ap Bq Cr

BO-BTOPBIX, yroJ 6 mexy Bekropamu €3 u Ko BO BpeMs JBHKEHHST HE M3MEHSIETCsI
(puc. 33.1):
A p2 + q2
tg) = ———— = const. 33.9
g o (33.9)
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Bakoubl coxpanenns (33.6) — (33.9) mpUBOAAT K BBHIBOLY, UYTO B HAYAJE [BUKEHUS
o0Opa3syercst IJIOCKOCTh, B KOTOPOW PACIIOJIOKEHbl OPT €3, JieXKalluil Ha OCH JIMHA-
MUYeCKON CHMMETPHUH, YIJIOBasi CKOPOCTh w, KuHeTndeckuii moment Ko u opt ji,
33IAI0MIUI JIMHUIO IepecedeHus YKa3aHHOI IJIOCKOCTU € 9KBATOPHUAJIBHON IIJIOCKO-
crbio (puc. 33.1, 33.2). Ilpu janbHeiieM [BUZKEHUH YeThIPE YIOMSAHYTHIX BEKTO-
pa TPOJIOIKAIOT HaXOJAUTHCSA B OTHON MJIOCKOCTH, HE U3MEHSAIOTCS HU MO BeJMINHe
HU 110 B3auMHOMY pacnojoxenuio. Bekrop Ko Beaencrsue (33.1) ne usmensiercs
B cucTeMe OTcuéra, mosromy y miockoctu {es, w, Ko, ji1} ocraérca eauucrsennas
BO3MOXKHOCTH — BpaIlaThcss BOKPYT BekTOpa Ko.

Puc. 33.2

BbICKaBaHHbIe COO6pa)KeHI/I5{ Aal0T BO3MOZKHOCTDB IIPEACTaBUTDH JIBU2KCHUE TeJla KaK
caoxuoe (§ 11). Ceasannast ¢ miockocrbio {es, w, Ko, ji1} nogsmxuas cucrema,
onpesieIEHHAsT OpTaMHu ji, jo, js (opT jo Ha puc. 33.2 omyinen), Bpalaercss BOKPYT
ocu Ko ¢ yIiioBoii CKOPOCTBIO Wy = Wyep (IIEPEHOCHOE IBUZKEHHE), & TEJIO B MOABUZK-
HOIl cHuCTeMe BpalllaeTcd BOKPYI CBOEH OCH NUHAMUYECKOW CUMMETPUU C YIJIOBOWM
CKOPOCTBIO W] = Wy (OTHOCHTEIBLHOE JIBUXKEHUE). YIJIOBbIE CKOPOCTH Wi, Wy U W
cBsi3anbl coorHomenneM (9.4): w = wy + w; (puc 33.2).

Onucannoe ABHWIKeHWe sBJsieTcs 1Mo omnpenenennto 10.1 peryasipHoil mpermeccn-
eil ¢ mapameTpaMu: yIJioBasg CKOPOCTh COOCTBEHHOI'O BPAIMEHUS W] = Wy, , YIJIOBAS
CKOPOCTB MIPEECCHH Wo = Whep , YOI HyTanuu 6. Ecan opT i3 B cucTeMe oTcuéTa CBS-
3aTh C HEMOABUKHBIM BeKTOpoM Ky, a mpoune opThol iy, iy onpenenTh Kak-HUOYIb
HePHEeHTUKY/ISIPHO 13, TO POJIb OPTa N HA JIMHUU y3JI0B OyJIeT UrPATh OMYIIEHHBIN HA
puc. 33.1, 33.2 opt jo. Yruiel Diisepa (puc. 26.1) cBs3aHbl ¢ TapaMeTpamMu wi, wa, 0
PEryJISapHOil IPerneccuu CIeIYIONIM 00pa3oM: Wy = @, Wy = b, 0=0.

B zakmiouenne nmaparpada chopmynupyem

AaropuT™M BBIYHNCJIEHUS MapaMeTPOB PETYJISPHOI NMpemeccum B cjaydae
My =0,A=B#C.
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1. Tlo magyanbHOI YIJIOBOH CKOPOCTH W BBIUHCISIOTCA €€ MpOeKIUU p, ¢, T Ha
IJIABHBIE OCH MHEPIUU.

2. Boruncasitorest npoekiuu Ap, Bq, C'r kunerudeckoro momenta Ko Ha riiaBHbie
ocu unepruu (puc. 33.1, 33.2).

3. Yros1 MexK Iy KHHETHIeCKUM MoMeHTOM Ko 1 0Chblo JUHAMAYECKOH CUMMeTPHH
¢ oproM e3 — yroJ mytanuu 6 (puc. 33.1, 33.2).

4. YriioBasi CKOPOCTh W pacKJ/ajpiBaercs (He mpoekTupyercs!) no AByM Hampas-
aenusiv: e3 1 Ko (puc. 33.2). CocraBisiionasi wy 110 HAIPABJIEHUIO €3 — YIJIOBasI
CKOpPOCTh COOCTBEHHOTO BPAIICHUS, COCTABJISIONAA W 1o Hanpasiaennio Ko — yr-
JIOBasgl CKOPOCThH HPEIEeCCHH.
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§ 34. CJIVUAW SMJIEPA. UHTEPIIPETAIIS ITYAHCO

Paccmorpum obuiuit ciy4daii popMbl 3JIMIICON/1Q WHEPITUH.
3. Mp =0, A < B < C. Ypasueunust Jiiziepa (33.2) HHTErpupYIOTCst B KBaJpa-
Typax. [IpencraBum 3akoHbl coxpanenus (33.3) B Buje:

Ap? + B¢? = 2T — Cr?, (34.1)
A%? 4 BYg? = K3 — Cr2. '
Cucrema Juueiinbix ypasuenuit (34.1) paspemuma oruocuresnnio p?, ¢* (A =
AB(B — A) # 0): p = f(r), ¢ = h(r). lloncranoBKa TmOJy4YeHHBIX BbIPAZKEHUN B
TpeTbe ypaBHeHHe CHCTeMbl (33.2) IPUBOAUT K YPABHEHHIO
& = LA B () = F(r)

C pasgedIoInMUC TTepeMeHHbIMU. [locie B3ATHS MHTEerpasa HaxOASATCs 3aBUCH-
moctu 7(t) u p(t) = f(r(t)), q(t) = h(r(t)). Ho... urerpan, Bo-mepBbIX, BbIpaZKa-
ercqd He yepes daeMeHTapHble OYHKIUH, a depe3 sJaunTudeckue pyaknun Jxoou,
BO-BTOPbIX, /I IOHUMAHUsl JBUKEHHUs Te/1a TPEOYeTCst PemuThb 10C/1e M0ICTAaHOBKY
p(t), q(t), r(t) mam kuuemarnueckue ypasuenns Ditnepa (mocJeHue Tpu ypaBHeHUsI
B (32.5)) nam ypasrenus (29.5) B napamerpax Pogpura-Tamuibrona (mogpobrocTr
B [10, rnmasa VIII, § 2|. B qunamuke TBEPJIOro Tesa IEHATCS TeOMETPHYECKHE HH-
TepIpeTanuy: Ha IMOHATHOM S3bIKe O JBHYKEHUH TOBOPUTCH U U300pazkaercs TO, O
96M eCTh BO3MOXKHOCTH CKA3aTh M 9TO MOYXKHO M300pa3HTh, & O TOM, O 46M HEIb3sd
cKa3aTh MOHATHO, — yMaduBaercs. B Hacrosmem maparpade ais ciaydas Mo = 0,
A < B < C jpBuzkeHust Tejia ¢ HEMOJBUKHOI ToOuKoit O paccMaTpuBaeTcst

Nurepnperamua llyanco. Temo mpeacraBiasgercsd 3JIATICOUIOM HHEPIHAHW B
HenoBuKHO# Touke O (puc. 34.1).

Puc. 34.1

Ypasuenue (30.11) siumnconsa B IVIABHBIX OCSIX MHEPIUH 3allUINEM CJIELyIONIUM
obpazom
f(y) = Ay? + By + Cy2 — 1 =0. (34.2)
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Touky mepeceveHust JLTUICOHUIA YIJIOBOH CKOPOCTHIO w obo3HauuM P, a paamyc—
BEKTOD, POBEeAEHHBIN K Hell I'p (puc. 34.1). Ormerum JBa 06CTOSATENBCTBA:

Vp = [UJ, I‘p] = 0, rp = )\UJ, (343)

TO €CTb, JIJIsI KOOPJAMHAT BEKTOPOB I'p M W BBIMOJHSIETCI Y1 = AP, Yo = AQ, Y3 = AT
[Toacranoska B (34.2) ¢ yuérom (33.3)

Ay} + Bys +Cys — 1= N (Ap* + B¢ +Or?*) — 1 =2\*T -1 =0

MIPABOJUT K PABEHCTBY

1
= o = const. (34.4)

Hopwmass N k ssutuncounty B Touke P npejcraBisiercst BEKTOPOM (yUTEHbI PABEHCTBA

(34.2) u (31.11))

N = gradf(y) = (ﬁ, ﬁ, ﬁ) = 2(Ap, Bq, Cr) = 2K = const,  (34.5)

Oy1~ Oyz’ Oys
TO €CTb, HAIpaBIeHHe HOPMAaJH B TOouke P mepecedeHus YIJIOBOW CKOPOCTHIO -
JUTICOUIA HEM3MEHHO, a MJIOCKOCTDb, KacaTebHasl K JTUICONIAY B TOUKe P, mepe-
MellaeTcs napaJuiebHo cama cebe. /List Toro, 9rodbl oKa3aTh, 9TO 3Ta MJIOCKOCTH
HETOIBUZKHA, BbhraucauM paccrosgane OQ) ot HemoaBukuOi Toukn O 10 MIOCKOCTH

(puc. 34.1, yurenst coornomenus (34.3), (34.4), (31.6), (31.7), (31.11)):

Ko A 20T
= — | = —(4p” + B¢® %) = =— = const.
0oQ (rp, o> O( p° + Bq® + Cr?) » cons

TeomeTpuyeckasi uHTEpHperanus [lyaHco 3ByYHT U W300parkaercsd Tak (puc.
34.1). B nauaiie jiBuzkenusi 00pa3yercst I0CKOCTb, KACATE/IbHASL K JLIUIICOULY UHED-
UM B TOYKE TepeceveHusl dJINIICON 1A HadaJIbHON yIJIOBO#T cCKOpocThio. B najbheii-
ImeM TJIOCKOCTh 3aHUMAaeT HEM3MEeHHOe TOJIOYKeHWe, a JJIIMICON] WHEPIINU C Hero-
JMBIZKHBIM TleHTpoM O KaTaeTcs 1o Heil 6e3 mpockaJib3biBannsg. O JIpyrux AeTaisx
KadeHus CKa3aTh MOHATHO HE MOZKEM.
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§ 35. BBIHY2K/IEHHA $I1 PET'VJISIPHA A IIPELIECCUSI
TEJIA C IUHAMUNYECKOII CUMMETPUEIL.
PETVJISIPHAS IIPEIIECCUY B CJIVUAE JIATPAHXKA

B ciyqaae Ditnepa Mo = 0, A = B # C 1Bépoe TeJio IpH JIOOBIX HAYAIbHBIX YCJIO-
BHAX COBEpPIINAET PEryISpHYIO MPereccuio. Takoe JBHKeHNEe HA3bIBAETCA CBOOOIHOI
peryasapHoii mpeneccueii. B Hacrogmem naparpade paccMaTpUBAeTCsI BLIHY XK IeHHAS
peryJisipHas IPeneccus — 1o/ BO3/eficTBUeM HPUJIOKEHHOTO K Tej1y MomeHTa. [1pe/i-
oJIaraeM, 4To TeJj0, 00J1a1aIIee B HenoABUKHON Touke O THHAMIYIECKONR CHMMeT-
pueii (A = B # ('), coBepiiaer pery/sipHyto IPENeCcCHIo ¢ 3aJaHHbIME TTapAMeTDAME
Wi, wo U 0, mpuuéM yrjoBas CKOPOCTb COOCTBEHHOI'O BPAINEHHS Wi PACIIOIATAETCS
Ha OCH JUHAMHUYECKOii cuvmerpun (puc. 35.1).

PY )

Puc. 35.1

Tpebyercss BHIYUCIUTH MOMEHT, KOTODPBIH HYKHO NPUJIOKHUTH K TeJy JJIsl HOJJIep-
JKAHUS PETyJISIPHON IIPerecCu.

O1/102KMM HA OCH JIMHAMUYECKON CUMMETPHUHU OPT €3, Ha IIePEeCeUeHIH YKBATOPH-
astbHOlT mockoctr (onpeaenenue 30.1) ¢ mwiockocTbio {wy, we} — opr € (puc. 35.1).
VT1I0BBIE CKOPOCTH W1, W, W = Wi + Wy U KuHeTHYecknit momenT Ko ciempyrommm
00pa30M PACKIIBIBAIOTCS MO BBEISHHBIM opTaM (cM. (31.6), (31.11)):

Ww; = wes, Wy = wg(el sin 6 + €3 cos 6),

W =w; +wy = pej + gey + res = wyeg sinf + (w; + wy cosb)es,
Ko = Ape; + Bges + Crez = Awse; sinf + C(wy + wy cos)es.

[Torpe6HbIil MOMEHT BBIYUC/IAETCH 110 3aKOHY N3MEHEHHsT MOMEHT HMILYJIbCa (KuHe-
traeckoro Momenta) (17.4) ¢ npussedenuem Teopemsr Pesass (Teopema 1.1):

dK,

My = = Vi = we, Kp|] = —eyws {Cw; + wo(C' — A) cosf}sinf.  (35.1)
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®opuyna (35.1) gomyckaeT SKBUBAJIEHTHOE MPEICTABICHHE

MO = [LUQ, wl] {C + ﬂ(C’ — A) COS 9} . (352)

Wi

[Ipumennum BoiBesenHble dhopmysibl B ciaydae Jlarpanxa (kower § 32). Llentp macc
C — Touka TPUJIOKeHWs paBHOmeHCcTByOmel P cur tsaxkectn — pacmosiokeHn Ha
ocu auHaMuYecKoil cummerpun (puc. 35.1) na paccrosaun OC = a 0T HemOJBUK-
moit Toukn O. Bo3moxkua ju B ciaydae Jlarpamka perynspHas mpereccusi? Ilpes-
mojaraeM, 4TO YIJIOBasg CKOPOCTDb TPeNecCHy ws HAaIpaBIeHa BePTUKAJIbHA BBEPX.
MoOMEHT CHJIbI TSZKECTH OTHOCHTEIBHO HenoaBuzkHO# Toukn O pasen (puc. 35.1)
Mo = —mgaey sin§. IToxcranoska ero B dopmyiay (35.1) u npupaBHHBaHUE BeJn-
YUH BEKTOPOB B O0EHMX YacTAX MPUBOAUT K YCJIOBHIO HA MapaMeTpPhl PeryJsdpHOil
MpEeIeCCun:
mgasinf = wy {Cw; + ws(C' — A) cos 0} sin 6.

Win Boinosasiercs sin @ = 0: sekrop OC' BepTUKAJILHO BBEPX, BEPTUKAJIbHO BHUA3, HA
YIJIOBBIE CKOPOCTH W1, Wy OrpaHudeHuii Her. Vlin jist yriia HyTamuu BbITOJIHSAETCS
sinf # 0, u mapaMeTpbl Wi, Wa, § yIOBIETBOPSIOT YPABHEHUIO

w3 (O — A) cos ) + Cwiwy — mga = 0.

OTmeTnM, 9To, ec/Iu JJisi TApaMeTPOB MPEIEeCCHH BHITIOIHIETCS Wy > Wy (THITHY-
HO JIJIsl TEXHUYEeCKUX TUPOCKOIOB), TO hopmyiie (35.2) MOKHO OPUIAATH YIPOIIEHHbII
BUT:

MO = C[wg, wl].

Ota dopmyaa KIAIETCId B OCHOBY JIEMEHTAPHOI T€OpUU TIpPOCKOIIA.
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§ 36. CBOBO/IHOE JIBNYKEHUE TBEPIOT'O TEJIA

TBEp/0e TeJI0 COBEPIIACT JABUKEHNE B CUCTEME OTCUYETa MO/ JefiCTBUEM IIPHJIOZKEH-
HbIX K HEeMYy CHJI. ﬂBH)KeHHe IHeHTpa MaccC O TeJa MOJYUHEHO 3aKOHY JABUXKEHUA
nenTpa uHepnun (mentpa mace) (16.5):

ch:R

rie R — rmaBubiit BekTop (ompemesenue 12.3) mpuioxKeHHBIX K Tesy cuit. s
OIpeJieJIeHns OPUEHTAIINE TeJia BBOJUTCS TOBHzKHAas cucrema Kénura (ompesere-
uue 18.5): mocrymarenbHast cucTeMa ¢ HadanoM B meHTpe Mace C' rena. Ilepexos
B IOJIBUKHYIO CHUCTEMY TpeOyeT HPUJIOKEeHHS K KaxK/I0fl 4dacTuiie TBEPJIOrO TeJia
cun nuepunu (15.3). KoprosmcoBbl CHiibl WHEPIUH DaBHBI HYJO, TAK KaK CHCTe-
Ma JIBUZKeTCS TTOCTynaTeIbHo. BeaeacTBre mocTynaTe TbHOTO IBUZKEHUST TIOIBUZKHOT
CHCTEMBI TepeHOCHas CHUJia WHEpIUHU, MPUJIOKeHHasd K KOHKPeTHOIl JacTure, pas-
Ha —m; W . BbIuncimM riaBHBI MOMEHT MEePEHOCHBIX CHJI WHEPIIUU OTHOCUTETHHO
IEeHTPa Macc:

Mgep = — Z[I‘i, szC’] = _[Z m;ry, WC] = _[er7 WC] - 0’

i

UCLOJIB30BaHO onpejeienne 16.1 nenrpa unepruu (nenrpa macc) u 1ot (hakr, 410
BCE PaJUyC—BEKTOPHI T';, I'c HMEIT cBouM HadajgoMm mneHTp macc C rema. [ToBeme-
Hue tea B cucreMe KEénumra ecth jJBHKeHHe Teja C HEMOJBUXKHOW TOYKOi. Takoe
IOBE/IeHIE OMUCBIBACTCS, HAIPUMED, cucTeMoii (32.5), coaepzKarieii MOMEHTBI OTHO-
cuTenbHO MeHTpa Mace C' IPUIOKEHHBIX K Tedy Cujl. Kak ObLI0 BBISICHEHO, CHJIBI
HHEPIUE MOMEHTOB He 100aBagioT. Hampumep, a1a Teaa, OpOIIEHHOTO B OJHOPO/I-
HOM II0JI€ TsI?KecTu 3eMJid, B cucreMe Kénumra peasnusyercs ciydaii Ditaepa. Teso
¢ JIMHAMHUYECKOi cuMmMmerpueil B cucreme Kénura Oyaer npereccupoBarh, K HPOU3-
BOJILHOMY TeJly MOKHO MPUMEHUTDh reOMeTpHIecKyo nHTepiperanuio llyanco.
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